Mathematica 11.3 Integration Test Results

Test results for the 35 problemsin "1.1.1.7 P(x) (a+b x)*m (c+d x)”n
(e+fx)"p (g+h x)*q.m"

Problem 1: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j (a+bx)* (A+Bx)
Ve+rdx Ve+fx V/g+hx

dx

Optimal (type 4, 700 leaves, 9 steps):

————2b(7aBdfh+b (5Adfh-4B (dfg+deh+cfh)))/c+dx Ve+fx /g+hx +
15 d2 £2 h?

2bB (a+bx) Vc+dx Ve+fx V/g+hx
5dfh

+

[Zx/de+cf (15a*Bd*f*h*+10abdfh (3Adfh-2B (dfg+deh+cfh)) -

b’> (16Adfh (dfg+deh+cfh) -
B(8c?f?h*+7cdfh (fg+eh)+d* (8f°g>+7efgh+8e>h?))))

d(e+fx f d de-cf)h
dlerf%) hx EllipticE[ArcSin[r crdx ) | ) /
de_cf V-de+rcf  f(dg-ch)
d(g+hx 1
s e e fx | BN
dg-ch 15d3 f2h3 e+ fx /g+hx
2v/-de+cf

(15a*d*f*h? (Bg-Ah) +18abdfh (3Adfgh-B (ch (fg-eh)+dg(2fg+eh))) -
b> (5Adfh (ch(fg-eh)+dg(2fg+eh)) -
B(4c*fh®> (fg-eh)+cdh (3f°g?+efgh-4e*h*) +d>g (8f°g*’+3efgh+4e*h’))))

d f d h \/ de-cf)h
(e +Fx) ghx) EllipticF{Ar‘cSin[\/? crdx B (de-cH) ]
de-cf dg-ch V-de+cf f(dg-ch)

Result (type 4, 12443 leaves):
2b (-4bBdfg-4bBdeh-4bBcfh+5Abdfh+10aBdfh) 2b2Bx

+

15 d? 2 h? 5dfh

Verdx e+ fx
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1 1

Vg+hx +
15 d* £2 h? - Ch
(c+d x) [f-—— (c+d x) (h-——
fh., e+ p g+ p

2 (8b*Bd*f?g*>+7b*°Bd*’efgh+7b’Bcdf’gh-10Ab*°d*fgh-20abBd*f°gh+
8b2Bd?e’h?+7b2Bcdefh?-10Ab%d*’efh?-20abBd’efh?+8b%Bc?f?h?-
10Ab?cdf?h’-20abBcdf’h?+30aAbd’f2h?+15a*Bd?f2h?) (c+dx)>?

d f d h 1
At ibserbsem b

h + -
c+dx c+dx or on
(c+dx) [f-—— (c+dx) (h-——
fh./ e+ p g+ p

c+dx c+dx

de cf

2(C+dx) ('F+ (h+ de ch

c+dx c+dx

c+dx c+dx

_-de+cf
.F

-de+cof -dg+ch

8ib’Bd*ef’g’h [1- ———— [1-————— |EllipticE[iArcSinh|—=——],
f(c+dx) h(c+dx) Jerdx
_ -—des+cf
f(-d h f f(-d h
w]—EllipticF[iAr‘cSinh[ , (-dg+c >] /
(-de+cf)h c+dx (-de+cf)h

(-dg+ch) (f+ [ ,de-ch 8ib2Bcd
c+dx c+dx
_ -—de+cf
_ _ f
pegn 1o 20ty ZdBrCN eyyitice i Arcsinh[ ],
f (c+dx) h (c+dx) Verdx
_ -de+cf
f(-d h f f(-d h
w]—EllipticF[jArcSinh[ [dexc >] /

(-de+cf)h cidx | (-de+cf)h
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-de+cf de-cf
-————— (-dg+ch) (f+
f c+dx
_ -—de+cf
_— -de+cf -dg+ch L . . f
fg’h? [1- ———— [1-———— |EllipticE|iArcSinh[——

f(c+dx) h (c+dx) NJerdx

dg-ch
[h+ & + |7 1b%Bd*e?

c+dx

s

_ -de+cf
f(-d h f f(-d h
w]fEllipticF[jAr'cSinh[ ) [dexc >] /
(-de+cf)h c+dx (-de+cf)h
{ -de+cf (—dg+ch)\/(f+de_c{ [h+dg—ch lgibtBed
f c+dx c+dx
_ -de:cf
_ _ f
errgrne [1-—90rCF fy “dBYCD eyyiptice s Arcsinn[ ],
f (c+dx) h (c+dx) Jerdx
_ -de+cf
f(-d h * f(-d h
w]—EllipticF[jAr‘cSinh[ , [-dg~c >] /
(-de+cf)h c+dx (-de+cf)h
-de+cof de-cf dg-ch
~————— (-dg+ch) (f+7 [mi -
f c+dx c+dx

-d f -d h
101'1Ab2d4€‘f2g2h2 1_L 1_&
f(c+dx) h (c+dx)

_ -de+cf
f ] f(-dg+ch)

Jeidx | [(-descf)h

EllipticE[i ArcSinh]

}_
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\lde;c{] -F(—dg+ch)] /

Jeidx  [(-de+cf)h

EllipticF [i ArcSinh|

-de+cof de-cf dg-ch
et qgaen) [ [ra ] [ dEen)
f c+dx c+dx

-d f -d h
201'1ade4e'F2g2h2 17& 17&
f (c+dx) h(c+dx)

_ -de+cf
f f(-dg+ch)

Jeidx  [(-de+cf)h

},

EllipticE[i ArcSinh|

- f(-dg+ch)
Jerdx J: (7de+cf)h] /

-de+cof de-cf
-— (—dg+ch) (f+7

f c+dx

i BB g |1 -de+cof 1 -dg+ch
-F(c+dx) h(c+dx)

\/:def—wF ] -F(—dg+ch)}_

Jeidx | (-descf)h

\F% | f(—dg+ch>] /

Jeidx (-de+cf)h

EllipticF[i ArcSinh|

+

dg-ch
[,H&
c+dx

EllipticE[i ArcSinh|

EllipticF[i ArcSinh|
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-de+cef de-cf

S === (-dg+ch) (F+7

f c+dx
-de+cof -d ch

10iAb2cd® Fgh? [1-——°o-°¢T q —98*Cch
F(c+dx) h(c+dx)

W] F(—dg+ch)}7

Jeidx | [(-descf)h

xl_T] -F(—dg+ch)] /

"/C+dX <7de+C'F>h
-de+cf de-cf dg-ch
- (—dg+ch) (F+7J [h+7
f c+dx c+dx
-de+cef -d ch
20iabBcd?®f3g?h? 1—7+ 1_g7+
-F(c+dx) h(c+dx)

_ -de+cf
f ] f(-dg+ch)

Joidx | [(-descf)h

\F% | f(—dg+ch>] /

Jeidx (-de+cf)h

-de+cof de-cf
-—— (—dg+ch) (F+4
f c+dx

dg-ch
[mL
c+dx

EllipticE[i ArcSinh|

EllipticF[i ArcSinh|

EllipticE|i ArcSinh|

} _

EllipticF[i ArcSinh|

dg-ch
[,Hi
c+dx
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_ -des+cf

, ~de+cf -dg+ch L , . f
8ib’Bd*e®gh’® [1- ———— [1-—"—— |EllipticE[iArcSinh| ———],
f (c+dx) h (c+dx) Jerdx
_ -de+cf

f(-dg+ch £ f(-dg+ch
w]fEllipticF[jAr‘cSinh[ ) (-dexch) /
(-de+cf)h c+dx (-de+cf)h

-de+cof de-cf dg-ch

- 2SS % (Ldgech) (f+7 {h+7 -
f c+dx c+dx

-d f -d h
SijBcd3e2'th3 lfi 17&
f<c+dx) h(c+dx)

_ —des+cf
f ] f(-dg+ch)

Jeidx  [(-descf)h

xl__7__] f(fdg+ch)] /

Jeidx | (-descf)h
-de+cf de-cf
-————— (-dg+ch) (f+—

f c+dx
19iAb2d462'th3 1_M 1_M
f (c+dx) h (c+dx)

_-de+cf
f ] f(-dg+ch)

e +dx ’ (*dQv‘C'F)h

EllipticE[i ArcSinh|

},

EllipticF[i ArcSinh|

dg-ch
[mL
c+dx

EllipticE[i ArcSinh|

}_



Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q.nb | 7

_ -—de+cf
f ] f(-dg+ch)

Nrow (—de+cf)h] /

-de+cof de-cf
-— (—dg+ch) (F+7
f c+dx

EllipticF [i ArcSinh|

dg-ch
{h+7g
c+dx

) 4 2 3 -de+cf -dg+ch
20iabBd*e?fgh® |1- —— |1 —2——
f (c+dx) h (c+dx)

_ -de+cf
f f(-dg+ch)

Jeidx  [(-de+cf)h

EllipticE[i ArcSinh|

},

_ -de+cf
f f (-d h
EllipticF[i ArcSinh| s (-dg-ch) ] //
Jerdx | [(-de+cf)h

dg-ch
[,H&
c+dx

-de+cof de-cf
N ETEy (f+7

f c+dx

-d f -d h

ib?Bc2d2efigh’ |1- %€ 1. 98+ C
-F(c+dx) h(c+dx>

\/:def—wF ] -F(—dg+ch)}_

Jeidx | (-descf)h

\F% | f(—dg+ch>]

Jeidx | (-des+cf)h /

EllipticE[i ArcSinh|

EllipticF[i ArcSinh|
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-de+cef de-cf

S === (-dg+ch) (f+
f c+dx
-de+cof -d ch
10iAb2cd®efigh’ |1- o+t |, ~°8*Ch
F(c+dx) h(c+dx)

JPTE;?& F(—dg+cm}7

Jeidx | [(-descf)h

xl_T] -F(—dg+ch)] /

Jeidx | (-descf)h

-de+cf de-cf dg-ch
I — (—dg+ch) (F+7) [h+7
f c+dx c+dx

: 3 2 3 _M _M
20iabBcd’ef‘gh 1 1
f(c+dx) h (c+dx)

dg-ch
[mL
c+dx

EllipticE[i ArcSinh|

EllipticF[i ArcSinh|

_ -de+cf
f f(-dg+ch)

Joidx | [(-descf)h

EllipticE|i ArcSinh|

} _

_-de+cf
f f(-d h
EllipticF[i ArcSinh| < g+c>] ,/

Jeidx (-de+cf)h

-de+cof de-cf
-—— (—dg+ch) (F+4
f c+dx

dg-ch
[,Hi
c+dx
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) 4213 -de+cf -dg+ch
39iaAbd*efigh® [1- ——— |1 - —2——
f (c+dx) h (c+dx)

_-de+cf
f f(-dg+ch)

Jeidx | [(-de+cf)h

_ -de+cf
f ] f(-dg+ch)

Jeidx (7de+cf)h] /

-de+cof de-cf
-— (—dg+ch) (-F+

f c+dx

-d f -d h

15J'laZBd46'F2gh3 1_i 1_L

-F(c+dx) h(c+dx)

_ -de+cf
f ] -F(—dg+ch)

Joidx | [(-descf)h

_-de+cf
f ] f(-dg+ch)

Jerdx (—de+cf)h] /

-de+cof de-cf
-— (—dg+ch) (F+7
f c+dx

_ -des+cf
_ _ f
ivecdpgn |1- 2ot A8 rCh ey tice i Aresinh[ ],
f (c+dx) h(c+dx) Verdx

EllipticE[i ArcSinh|

},

EllipticF[i ArcSinh|

dg-ch
[mL
c+dx

EllipticE|i ArcSinh]|

}_

EllipticF[i ArcSinh|

dg-ch
[h+L

c+dx
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_ -de+cf
f(-d h f f(-d h
w]fEllipticF[jArcSinh[ ) (-dexch) /
(-de+cf)h Jerdx (-de+cf)h

-de+cof de-cf dg-ch
et qgaen) [ [ra ] [ dEen)
f c+dx c+dx

. sy | —de+cf o -dg+ch
30iaAbcd’f’gh 1 1
f (c+dx) h (c+dx)

_ -de+cf
f ] f(-dg+ch)

Jeidx  [(-de+cf)h

xl_T] -F(—dg+ch)] /

Jeidx  (-descf)h

-de+cof de-cf
-— (—dg+ch) (-F+

f c+dx

-d f -d h

15iaZBcd3-F3gh3 1_L 1_L

-F(c+dx) h(c+dx)

\/:def—wF ] -F(—dg+ch)}_

Jeidx | (-descf)h

\F% | f(—dg+ch>] /

Jeidx (-de+cf)h

EllipticE[i ArcSinh|

},

EllipticF[i ArcSinh|

dg-ch
[,H&
c+dx

EllipticE[i ArcSinh|

EllipticF[i ArcSinh|
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-de+cof de-cf dg-ch
{ - (—dg+ch>\/(f+ {h+7 -
\ f c+dx c+dx
_ -de:+cf
_ _ f
gib?Bcddelht |1- oot [y 98BN Heyyyntice i Arcsinh[ ],
f (c+dx) h (c+dx) Jerdx
_ -des+cf
f(-dg+ch) f f(-dg+ch)
—————-| - EllipticF|i ArcSinh| , /
(-de+cf)h Verdx (-de+cf)h
-de+cof de-cf dg-ch
{ -—— (dg+ch)J(F+ [h+ +
f c+dx c+dx

s

-de+cf
-d f -d h f
jbzsczdzezfmJle*C Jlg* s arcstn[ L

EllipticE
f (c+dx) h (c+dx) N

_ -descf
f(-d h f f(-d h
w]—EllipticF{iAr‘cSinh[ s (-dg-c >] /
(7de+cf)h Verdx (7de+cf)h
-de+cf de-cf dg-ch
{ - (—dg+ch)\/(f+ [h+ +
f c+dx c+dx

-de+cef -d ch
10iAb2cd®e?fht |1 et g, ~d&rCh
-F(c+dx) h(c+dx)

_ -de+cf
f ] f(-dg+ch)

Jeidx | (-descf)h

EllipticE[i ArcSinh|

} _
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_ -—de+cf
f ] f(-dg+ch)

Jeidx ’(_de+cf)h] //

-de+cof de-cf
-— @dg+ch) (F+—————
f c+dx

EllipticF [i ArcSinh|

dg-ch
[h+7g
c+dx

. 32¢ps |4 —dercf _-dg+ch
20iabBcd’e fh 1 1
f(c+dx) h(c+dx)

_ -de+cf
f f(-dg+ch)

Jeidx  [(-de+cf)h

EllipticE[i ArcSinh|

},

_ -de+cf
f f (-d h
EllipticF[i ArcSinh| s (-dg-ch) ] //
Jerdx | [(-de+cf)h

dg-ch
[,Hg
c+dx

-de+cf de-cf
-————— (-dg+ch) (f+—————
f c+dx
_ -de+cf

-d f -d h \ f
jszc3de-F2h4\/1—e+c\/1—g+c EllipticE[i ArcSinh| ———

f(c+dx) h (c+dx) Jerdx
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_ -de+cf
f(-d h f f(-d h
—i——g:ijﬁgflhpucﬂiAmSﬂm[ ) (-dexch) //
(-de+cf)h c+dx (-de+cf)h

-de+cef de-cf
- — @dg+ch) (F+
f c+dx

dg-ch
[mL
c+dx
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) 3 2.4 77de+c1c 7—dg+ch
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_-de+cf
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f c+dx
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},
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c+dx
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EllipticF[i ArcSinh|

dg-ch
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Problem 2: Result unnecessarily involves imaginary or complex numbers.

dx
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Ve+rdx Ve+fx V/g+hx

Optimal (type 4, 405leaves, 8 steps):
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Problem 3: Result unnecessarily involves imaginary or complex numbers.
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fdg+ch \/ d’eg cdfg cdeh c2fh
- - +
(c+dx)® (c+dx)® (c+dx)* (c+dx)?

dfg deh 2cfh

4
c+dx c+dx c+dx
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h (-de+cf)h
«IC+dX 'F(—dg‘f'ch)

J]



Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)~m (c+d x)”n (e+f x)"p (g+h x)"g.nb | 39

7dg+ch \/ d’eg cdfg cdeh
- - +
c+dx (c+dx)2 (c+dx)2
c2fh dfg deh 2cfh 1

+ +
(c+dx>2 c+dx c+dx c+dx
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Problem 6: Result more than twice size of optimal antiderivative.
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Result (type 4, 21555 leaves): Display of huge result suppressed!

Problem 7: Result more than twice size of optimal antiderivative.
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Problem 11: Result more than twice size of optimal antiderivative.
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Problem 12: Result more than twice size of optimal antiderivative.

dx

J\/a+bx (de+cf+2dfx>
Verdx Verfx \/g+hx

Optimal (type 4, 472 leaves, 5 steps):

I/

I/
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Problem 13: Result more than twice size of optimal antiderivative.

dx

J de+cf+2dfx
Va+bx Vc+rdx Ve+fx Vg+hx

Optimal (type 4, 449leaves, 5 steps):
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Problem 14: Result more than twice size of optimal antiderivative.

J de+cf+2dfx 4
X
(a+bx)3/2\/c+dx Je+fx \/g+hx

Optimal (type 4, 625leaves, 7 steps):
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((bc-ad) (bg-ah))|- 1 EllipticF[ArcSin|
-bc+ad

J (be-af) (h+ P& - -an | (-bc+ad) (—-Fg+eh)] /

b (-fg+eh) " (-be+af) (-dg+ch)

be-af bg-ah
('F+ )[h+7
a+bx

a+bx

o f
-be+af a+bx bc-ad
d+
£, _h a+bx

" _besaf -bg+ah

d 1 f 1

" bcrad | asb " beraf  aib h 1
-b C+a a X -be+a a X
2df : : = = [— +
_—d h - f h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah

(be+af)(hif:+31;)} (-bc+ad) (-fg+eh) //

EllipticF [ArcSin| )
b(-fg+eh) (-be+af) (-dg+ch)

be-af
['F+

bg-ah
[h+ g
a+bx

a+bx

h 1
- +
-bg+ah a+bx bc-ad
_— d+
f —h a+bx

-be+af - -bg+ah
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Problem 15: Result more than twice size of optimal antiderivative.

J de+cf+2dfx dx

(a+bx)*?+/c+dx Je+fx \/g+hx

Optimal (type 4, 1090 leaves, 8 steps):

(4d(3a3d2fzh—a2bdf(dfg+4deh+4cfh)—b3 (d*e*g-cde (fg-eh) +c*f (fg+eh)) +
ab? (2c*f2h+d?e (fg+2eh) +cdf (fg+3eh))) Varbx Vesfx Vgrhx |/

(3 (bc—ad)z(be—af)z(bg—ah)zm)—

2b (bde+bcf-2adf)Vc+dx Ve+fx /g+hx
3(bc-ad) (be-af) (bg-ah) (a+bx)??

(4b(3a3d2f2h-a2bdf(d+g+4deh+4cfh)_b3 (d>e?g-cde (fg-eh) +>f (fgreh)) +

a b? <2c2-F2h+d2e (-Fg+2eh) +cdf(1‘g+3eh))) Ve+dx e+ fx \/g+hx)/

(3 (bc-ad)? (be-af)? (bgfah)zx/a+bx)— 4-/dg-ch /fg-eh

(3a°d*f*h-a’bdf (dfg+4deh+4cfh)-b’ (d°e*g-cde (fg-eh) +c*f (fg+eh)) +

(de-cf) (g+hx)
(fg-eh) (c+dx)

ab®(2c*f*h+d*e (fg+2eh) +cdf (fg+3eh)))Va+bx \/

EllipticE [ArcSin|

vJdg-ch vJe+fx (bc-ad) (fg—eh)] /
Vfg-eh vJc+dx ’ (be-af) (dg-ch)

(de-cf) (a+bx)
(be-af) (c+dx])

[3(bcad)2(beaf)2(bgah)2\/ W]+

[2 (de-cf) (3a*d*fh-abd (dfg+3deh+2cfh)+b”>(2d’eg-cdfg+cdeh+c®fh))

\/ (be-af) (c+dx) N

(de-cf) (a+bx)

EllipticF[ArcSin| , -
Vfg-eh Va+bx (de-cf) (bg-ah)

Vbg-ah e+ fx (bc-ad) (-Fgeh)}]/

(be-af) (g+hx)
(fg-eh) (a+bx)

3(bc-ad)® (be-af) (bg-ah)’?+/fg-eh +/c+dx J

Result (type 4, 10601 leaves):

Va+bx VJcrdx Ve+fx \/g+hx
[ 2b(bde+bcf—2adf)

+(4b (b*d*e*g-b’cdefg-ab’d’efg+
3(bc-ad) (be-af) (bg-ah) (a+bx)?
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b>c2f2g-ab’>cdf?g+a’bd®’f’g+b>cde’h-2ab?d*e’h+b3c?efh-
3ab2cde-Fh+4a2bd2e-Fh—2abzc2f2h+4a2bcdf2h—3a3d2f2h))/
(3(bc-ad)? (be-af)? (bg-ah)? (a+bx)]|+

1

3b? (-bc+ad)® (-be+af)® (-bg+ah)?
2

-[|2 (b®d*e’g-b’cdefg-ab’d’efg+b’c?fPg-ab’cdf’g+a’bd’fPg+b’cde’h-2ab?

d’e’h+b>c?efh-3ab’cdefh+4a’bd?’efh-2ab®*c?>f?h+4a’bcdf’h-3a3d?
bc ad be af bg ah /

f2h) (a+bx)*? (d+ - f+ - h+ -
a+bx a+bx a+bx a+bx a+bx a+bx

J 2 ox) [0 2] J oo [r- 25 J 2 oox] -2
C+ e + g+ +
b b b
1
\/ (a+b x) (d— ad ) \/ (a+b x) (f— af ) \/ (a+bx) (h- ah
C + a:h e+ a:hx g+
b b b

(bg-ah) (a+bx)3/2J[[d+ be  ad

a+bx a+bx

(bc-ad) (be-af)

be af
f+ -

a+bx a+bx

b h
he —8 9

a+bx a+bx

d 1
ZdeZeZgJ (bC7ad> (bgiah> (7—bc+ad+m>

bdg-bch

h 1
- +
-bg+ah a+b x
_f __h

-be+af -bg+ah

+

( f 1
-be+af a+bx

- || (bdg-bch) EllipticE|

o | e fl e B ) (bciad) (Faien)
Ar'csln[\l b(-fg+eh) E (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- — 1 EllipticF[ArcSin|
-bc+ad
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a+b x a+b x

b(-fg+eh) ’ (-be+af) (-dg+ch)

J (be-af) (h+£*ﬂ) ] (-bc+ad) (-fg+eh)

£ 1
T beraf o abx [d+bcfad (f+befaf [h+bgfah
_—f ,_h a+bx a+bx a+bx
-be+af -bg+ah
d 1
y b cdefy (bcfad)(bg—ah)(7$cwd+amx) (7 £ )
bdg-bch -be+af a+bx
h 1
B -bg+ah * a+b x bd bch 114 .
— |- (bdg-bch) EllipticE|

-be+af - -bg+ah

b h
AmSﬂﬂJ @e—af)(h+;jt_;i:)] (-bc+ad) (-fg+eh)

b (-fg+eh) " (-be+af) (-dg+ch)

((bc-ad) (bg-ah))|- g EllipticF[ArcSin]
-bc+ad

a+b x a+b x

b(-fg+eh) ’(—be+aﬂ (-dg+ch)

J(beaf)(h+’ﬂ‘”)} (-bc+ad) (-fg+eh)

be-af bg-ah
(f+ )[hi
a+bx

a+bx

_ f . 1
-be+af a+b x bc-ad
d+
S + h a+bx

N -be+af -bg+ah

d 1
T KL R LR L Cvoviei .
bdg-bch -be+af
— h + 1
% ~||(bdg-bch) EllipticE]

-be+af B -bg+ah

b h
APcSin[J (be-af) (h+ ;fi":t;) ] (fbc4+ad) (—fg—reh)

b (-fg+eh) " (-be+af) (-dg+ch)
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((bc-ad) (bg-ah))|- #d EllipticF [ArcSin|
-bc+ad

)

b(-fg+eh) (-be+af) (-dg+ch)

J (be-af) (hs P —2ah | (-bc+ad) (7Fg+eh)] /

£ 1
T besaf  abx (d+bc—ad (F+be—af [h+bg—ah .
_—f L _h a+bx a+bx a+bx
-be+af -bg+ah
bc-ad) (bg-ah) [-—¢ L
2b3c2-F2g ( >< g )( —bc+ad+a+bx) (7 f + 1 )
bdg-bch -be+af a+bx
h 1
7—b +ah+a+bx
— == |-||(bdg-bch) EllipticE]

-be+af B -bg+ah

| (be-af) (heBE_ 2t p L ad) (fgeeh)
Arcsm{\l b (-fg+eh) J (-be+af) (-dg+ch) /

((bc-ad) (bg-ah)) —AAAJLAAfdEllipticF[ArcSin[
-bc+ad

)

b(-fg+eh) (-be+af) (-dg+ch)

J (be-af) (h+ff;—ﬁ) | (-bc+ad) (7Fg+eh)] /

be-af bg-ah
(F+ )[h4
a+bx

a+bx

o f
-be+af a+b x bc-ad
d+
-+, 0t a+bx
-be+af -bg+ah

d 1
zabZCd_FZg (bC7ad> <bg7ah) (7—bc+ad+a+bx) (7 f . 1 )
bdg-bch -be+af a+bx

h 1
- +
-bg+ah a+b x
f _ h
-be+af -bg+ah

- || (bdg-bch) EllipticE|
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b h
ArcSin| (be-af) (h+:§§7ai?) I, (-bc+ad) (-fg+eh)
b(-fg+eh) (-be+af) (-dg+ch)
((bc-ad) (bg-ah))| - d EllipticF[ArcSin|
-bc+ad

(-bc+ad) (-fg+eh)

P

(-be+af) (-dg+ch)

(be—af)(h+ig__4mﬁ
a+b x a+b x
b(-fg+eh)
__f 1
-be+af a+bx (d bc-ad
4
- : a+bx
-be+af -bg+ah

2a2bd2fzg\l

bc-ad) @g_ah)k

be-af bg-ah
('F+ ) [h+ 79 N
a+bx a+bx
d 1
-bc+ad a+b x f 1

B h
-bg+ah
£

1
a+b x

h

beiaf -bg+ah

bdg-bch

|

- +
-be+af a+bx

(bdg-bch) EllipticE|

b h
ArcSin| (be-af) (h+';ft":i:) I, (-bc+ad) (-fg+eh)
b(-fg+eh) (-be+af) (-dg+ch)

((bc-ad) (bg-ah))|-

d E1lipticF [ArcSin|

-bc+ad
(be—af)(h+if;—;ﬁt)} (-bc+ad) (-fg+eh) //
b (-fg+eh) " (-be+af) (-dg+ch)
o f 1
besaf  asbx J(d+bc—ad ({+be—af)(h+bg—ah .
__f h a+bx a+bx a+bx
-be+af -bg+ah
d 1
2b3cde2h (bc_ad> <bg_ah) (_be+ad a+bx) (_ f + 1
bdg-bch -be+af a+bx
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h 1
- +
-bg+ah a+b x
f _ h
-be+af -bg+ah

~||(bdg-bch) EllipticE|

' (be-af) (h+a_|jbg;*ﬁ) (-bc+ad) (-fg+eh)
APCSln[\l b(-fg+eh) J: (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- #d EllipticF [ArcSin|
-bc+ad

J (be-af) (h+a_5bg;—$) | (-bc+ad) (f-Fngeh)] /

b (-fg+eh) " (-be+af) (-dg+ch)

_f
-be+af a+bx bc-ad
d+
f h a+bx

be-af bg-ah

(‘F+ ) [h+7
- +

-be+af -bg+ah

a+bx

a+bx

d 1
dabi et (bc-ad) (bg-ah) (—7bc+ad+a+bx) (_ f L1
bdg-bch -be+af a+bx

% ~||(bdg-bch) EllipticE|

-be+af -bg+ah

' (be-af) (h+a_|jbg;—ﬁ) (-bc+ad) (-fg+eh)
Ar‘cSm[\l b(-fg+eh) E (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- #d EllipticF [ArcSin|
-bc+ad

J (be-af) (h+a_fbg;—ﬁ) | (-bc+ad) (—-Fg+eh)] /

b(-fg+eh) " (-be+af) (-dg+ch)

_f 1
-be+af a+bx bc-ad
d+
f h a+bx

be-af bg-ah

(‘F+ ) [h+7
- +

-be+af -bg+ah

a+bx

a+bx
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d 1
2b3c2e-Fh (bc—ad> (bg_ah) (_7bc+ad+a+bx) (_ f + 1
bdg-bch -be+af a+bx
— h + 1
% ~||(bdg-bch) EllipticE]

-be+af B -bg+ah

| (be-af) (e B 2]y ad) (fgieh)
NTSHWJ b(-fg+eh) ]’(7be+af)(—dg+ch) //

((bc-ad) (bg-ah)) ————LL———dEllipticF[ArcSin[
-bc+ad

b(-fg+eh) (-be+af) (-dg+ch)

J (be-af) [hr i v |, [becrad) (Fgren) /

be-af bg-ah
(‘F+ )[h+7
a+bx

a+bx

B f 4 1
-be+af a+bx bc-ad
d-+
-+t _,_h a+bx
-be+af -bg+ah

d 1
6ab2cdech (bC—ad> <bg_ah) (_—bc+ad+a+bx) (_ f 1

.
bdg-bch -be+af a+bx

h 1
- +
-bg+ah a+b x
f _ h
-be+af -bg+ah

-||(bdg-bch) EllipticE|

| (be-af) [he 8 2h) ( pciad) (fgeeh)
Arcsm[\l b(-fg+eh) ) (-be+af) (-dg+ch) /

((bc-ad) (bg-ah)) ————JL———dEllipticF[ArcSin[
-bc+ad

b(-fg+eh) " (-be+af) (-dg+ch)

J [be-af) [h+ 2E - 2n) |, Lberad) (Fgren) /
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f 1
T beraf o abx (d+bcfad (F+befaf [h+bgfah N
_—f ,_h a+bx a+bx a+bx
-be+af -bg+ah
d 1
8a2bd2efh (bC*Bd) <bg7ah) (7—bc+ad+a+bx) (7 f N 1
bdg-bch -be+af a+bx
h 1
_—bg+ah+a+bx bd bch 114 .
p " - || (bdg-bch) EllipticE|

-be+af - -bg+ah

. (be—a'F) (h+a_?f;—ﬁ) (-bc+ad) (-fg+eh)
Arcsm{\l b (-fg+eh) I (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- 1 EllipticF[ArcSin]
-bc+ad

J(beaﬂ @+aﬁiazk)} (-bc+ad) bfg+eh)} /

b(-fg+eh) ’(—be+aﬂ (-dg+ch)

f 1
T beraf o abx [d+bcfad (f+befaf [h+bgfah .
_—f ,_h a+bx a+bx a+bx
-be+af -bg+ah
d 1
g, | (Beoad) (bgoan) (2o ] (R S
bdg-bch -be+af a+bx
h 1
_—bg+ah+a+bx bd bch 114 .
— |- (bdg-bch) EllipticE|

-be+af - -bg+ah

| (be-af) (heBE_ 2t p L ad) (Fgreh)
Arcsm{\l b (-fg+eh) I (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- g EllipticF[ArcSin]
-bc+ad
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J (be-af) (h+fﬁ*ﬁ) | (-bc+ad) (—fg+eh)} /

b(-fg+eh) ’ (-be+af) (-dg+ch)

f 1
- i bc-ad be-af bg-ah
-be+af a+b x (d . C ('F+ [h . g .
-, a+bx a+bx a+bx
-be+af -bg+ah
(bc-ad) (bg-ah) (- —4—+ =2 P .
8a’bcdf?h (—bmad a+bx) (7 N
bdg-bch -be+af a+bx
h 1
_—bg+ah+a+bx bd beh 11§ .
s . |- (bdg-bch) EllipticE|

-be+af - -bg+ah

| (be-af) [he 0 2h(pciad) (-fgieh)
Arcsm{\l b (-fg+eh) J (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- g EllipticF[ArcSin]
-bc+ad

J (be-af) (h+fﬁ*ﬁ) | (-bc+ad) (—fg+eh)} /

b(-fg+eh) ’ (-be+af) (-dg+ch)

be-af bg-ah
(f+ )[hi
a+bx

a+bx

_ f . 1
-be+af a+b x bc-ad
d+
S + h a+bx

N -be+af -bg+ah

d 1
ﬁadefthwcaw oot [kl
bdg-bch -be+af a+bx
- h + 1
% ~||(bdg-bch) EllipticE|

-be+af B -bg+ah

_ (be-af) (h+a_?5;—ﬁ) (-bc+ad) (-fg+eh)
Arcsm{\l b (-fg+eh) J (-be+af) (-dg+ch) /
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((bc-ad) (bg-ah)) o d E1lipticF[ArcSin|
-bc+ad
(be-af) [ne B -hi) | [bcead) (Feeen), /
b (-fg+eh) " (-be+af) (-dg+ch)
~pent o b d b f b h
_betaf a+bx (d+ c-a (F+ e-a )[h+ g-a N
_—f L _h a+bx a+bx a+bx
-be+af -bg+ah
__d - o _f 4+ 1
bz dz ef g -bc+ad a+b x -be+af a+b x (_ h . 1 )
d h -—f h ~bg+ah a+bx

-bc+ad -bg+ah -be+af -bg+ah

“be+af) (-h-a—i’f?ﬁ)} (-bc+ad) (-Fg+eh)]/

b(-fg+eh) (-be+af) (-dg+ch)

EllipticF [ArcSin {J

h 1
- +
bgs N bc-ad be-af bg-ah
_ berah arbx [d+ ¢ ('F+ [h+ g +
L - h a+bx a+bx a+bx
-be+af -bg+ah
B d Lt B f 4 1t
bzcdfzg -bc+ad a+b x -be+af a+b x (7 h . 1 )
_—d h _—f h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah
(-be+af) (-h- DB, ah ~bc+ad) (-fg+eh
EllipticF [ArcSin| ( atbx a+bx) 1, ( ) (-fe ) /
b(-fg+eh) (-be+af) (-dg+ch)
~ean o b d b f b h
_bg+ 4 c-a e-a -a
_Pgrah  athx [d+ ['F+ (h+ g -
f ___h a+bx a+bx a+bx
-be+af -bg+ah
d 1 f 1
B -bc+ad " a+b x B -be+af a+b x h 1
2abd?f?g [— +
_—d h _—f h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah

-be+af) (—h——bg—+£)

a+b x a+b x

1, (-bc+ad) <7-Fg+eh)] /

EllipticF [ArcSin|
b(-fg+eh) (-be+af) (-dg+ch)
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h 1
" bgaah | aibx bc-ad be-af bg-ah
_— d+ ——| |[f+ h + +
f ___h a+bx a+bx a+bx
-be+af -bg+ah
d 4 1 f . 1 h
- T 1
bz dz ez h bc+ad a+b x be+af a+b x [_ .
_—d L, b _—f h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah

(-be+af) (7hfa—?f;+ﬁ)

EllipticF [ArcSin|

] (-bc+ad) (—-Fg+eh)] /

b(-fg+eh) " (-be+af) (-dg+ch)
“ean o b d b f b h
-bg+ah  a+bx [d+ c-a ['F+ e-a (th g-a .
f ___»h a+bx a+bx a+bx
-be+af -bg+ah
__ d L -1 __f .2
2b2cde-Fh -bc+ad a+b x -be+af a+b x (7 h . 1 )
_—d , b _—f L, h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah

EllipticF [Ar‘cSin [

(-be+af) (—h—;'ff;+ﬁ) } (-bc+ad) (-fg+eh) /

b (-fg+eh) " (-be+af) (-dg+ch)

et T b d b f b h

ber R c-a e-a -a
_berah arbx [d-*—i ['F+ (h+ g -

bf -Fiﬁ a+bx a+bx a+bx
-be+a -bg+a

4 1 o f
5abd2e-Fh -bc+ad a+b x -be+af a+b x (_ h . 1 )
d h L —h -bg+ah a+bx

B -bc+ad -bg+ah N -be+af -bg+ah

(-be+af) (-h- P&, ah

EllipticF [ArcSin|

] (-bc+ad) (—-Fg+eh)] /

b (-fg+eh) " (-be+af) (-dg+ch)
- e * o b d b f b h
__-bgrah  asbx [d+ c-a [1C+ e-a (m g-a .
f __+h a+bx a+bx a+bx
-be+af -bg+ah
__d 1 R S|
b2 CZ _Fz h -bc+ad a+b x -be+af a+b x (7 h . 1
h f h -bg+ah a+bx

- + - +
-bc+ad -bg+ah -be+af -bg+ah
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(-beraf) (-h- i)

EllipticF [ArcSin|

} (—bc+ad) <—'Fg+eh>] /

b(-fg+eh) " (-be+af) (-dg+ch)

h 1

" Cbgeah | atbx bc-ad be-af bg-ah
——ker 2P di ————| |[f+ h+ -
f __ _h a+bx a+bx a+bx
-be+af -bg+ah
d 1 f 1
_ bcsad N a+b x _ besaf i a+b x h 1
Sabcdf2h (, . )
_ + —1N _—f ,_h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah

~be+af) [-h- P&, 30 _b d) (-f h
EllipticF [ArcSin| ( )( bX MX)} [bcrad) (fgreh) /

b (-fg+eh) " (-be+af) (-dg+ch)

h 1

" Tbgeah | abx bc-ad be-af bg-ah
_— d+ ——| |f+ h + +
f ___h a+bx a+bx a+bx
-be+af -bg+ah
d 1 f 1
_—bc+ad+a+bx _—be+af+a+bx h 1
6a%d?>f%h [— +
_d h R ; h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah

(-beraf) (-h- 0+ i)

EllipticF [ArcSin|

} (—bc+ad) <—'Fg+eh>] /

b(-fg+eh) " (-be+af) (-dg+ch)
h
“bgrah  asbx (d+bc—ad [F+be—af [h+bg—ah
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Problem 16: Result unnecessarily involves complex numbers and more than
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J dx
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Optimal (type 4, 721 leaves, 8 steps):
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Optimal (type 4, 410leaves, 7 steps):
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b2Bcdeh 2abcCdeh

+ +

<c+dx)2 <c+dx)2
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b2Bc2fh 2abc?Cfh

<C+dx)2 (C+dx)2

2b2Cdeg 2b?Bdfg 2abCdfg
+ - +

c+dx c+dx c+dx
2b2Bdeh 2abCdeh

c+dx c+dx
2b2Bcfh 4abcCfh

+

c+dx c+dx
2abBdfh 2a%cCcdfh
+
c+dx c+dx
f _ch
e+(c+dx) (f—cij) g+(c+dx) (h—cidx)
d d

Problem 21: Result more than twice size of optimal antiderivative.

dx

J\/a+bx (abB-a2C+b2Bx+b2Cx?)
Ve+rdx VerFfx \/g+hx

Optimal (type 4, 980 leaves, 9 steps):
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1
4df?h?2+\/c+dx

b2C/a+bx Vc+dx e+ Ffx \/g+hx
2dfh

b(4bBdfh+C(adfh-3b(dfg+deh+cfh)))~/a+bx VJe+fx Vg+hx +

[b\/dg—ch Vfg-eh (4bBdfh+C(adfh-3b(dfg+deh+cfh)))/a+bx

_ (de—cf) (g+hx) EllipticE[Ar‘cSin[\/dg_Ch Ve fx s (bc—ad) (-Fg—eh) /
(fg-eh) (c+dx) Vfg-eh Vc+dx (be-af) (dg-ch)

+

4d2f2h2\/(de—cf) (a+bx) VX

(be-af) (c+dx)

(be-af) (c+dx)
(de-cf) (a+bx)

1/

(be-af)bg-ah (aCdfh-b (4Bdfh-C (3d-Fg+3deh+c-Fh)))\/

- bc-ad) (fg-eh
\Vg+hx EllipticF[Ar‘cSin[\/bg ah Ve fx ],_( c-ad) (fg-eh)
fg-eh ~/Ja+bx (de-cf) (bg-ah)

1
4d2+/bc-ad f2h3+/c+dx Ve+fx

V-dg+ch ((adfh+b(dfg+deh+cfh)) (4bBdfh+C(adfh-3b(dfg+deh+cfh)))+
4dfh(2a’Cdfh+b’C (deg+cfg+ceh)-ab(4Bdfh-C(dfg+deh+cfh))))

<a+bx)\/(bg—ah) (c+dx) \/(bg—ah) e+ Fx)

(be-af) (g+hx)
(fg-eh) (a+bx)

4df?h?2+/fg-eh \/c+dx J

(dg-ch) (a+bx) (fg-eh) (a+bx)

b(dg-ch) Ar‘cSin[\/bc—ad\/g+hx (be-af) (dg-ch)

(bc-ad)h J-dg+ch vVasbx  [(bc-ad) (fg-eh)

EllipticPi[-

]

Result (type 4, 21555 leaves): Display of huge result suppressed!

Problem 22: Result more than twice size of optimal antiderivative.

abB-a2C+b2Bx+b2Cx?
J dx

Va+rbx Jcrdx VJe+fx Vg+hx

Optimal (type 4, 734 leaves, 8steps):
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bCVa+bx Ve+fx Vg+hx
fh/c+dx

(de-cf) (g+hx)
(fg-eh) (c+dx)

bCcvVdg-ch Vfg-eh Va+bx \/—

EllipticE [ArcSin

[\/dg—ch e+ fx (bc-ad) (fg—eh)] /
Jfg_eh vcidx  (be-af) (dg-ch)

(be-af) (c+dx)
(de-cf) (a+bx)

dch (de-cf) (a+bx] e

(be-af) (c+dx)

(be-af) m\/

\/mEllipticF[Ar‘cSin[\/bg_ah Ve fx 1, - (bc-ad) (fg-eh) ]]/

Vfg-eh Va+bx (de-cf) (bg-ah)

(be-af) (g+hx)
(fg-eh) (a+bx)

fh/fg-eh v/c+dx J

(bg-ah) (c+dx)
(dg-ch) (a+bx)

[x/—dg+ch (acdfh-b (2Bdfh-C(dfg+deh+cfh))) (a+bx>\/

3

bg-ah) (e+f b(dg-ch .
bg-ah) (e+*x) EllipticPi[—7< 8¢ ),ArcSin[ Vbc-ad Vegihx
(fg-eh) (a+bx) (bc-ad)h V-dg+ch Va+bx

(be-af) (dg-ch)
(bc-ad) (fg-eh)

}]/(d\/bc—ad fhivc+dx \/e+fx>

Result (type 4, 6667 leaves):

—2 bC<C+dX>3/2('F+ de - cf

c+dx c+dx

2'Fh\/e+<c+dx) (f*ﬁ) \/g+<c+dx) (hfﬁ) )

d

bc ad

i
c+dx c+dx

d(bg-ah) (dg-ch) (bCfg+bCeh-2bBfh+2aCfh)c+dx \/((b—

de cf
f+ -

c+dx c+dx

dg ch
h + -
c+dx c+dx
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h 1
de |- (bc—ad) <_dg+Ch> (_b:ad*—cjix) (7 f . 1 7—dg+ch+c+dx
-bdg+adh -de+cf c+dx —f __h
-de+cf -dg+ch
(de-cf) (h+ﬂ—ﬂ)
(-bdg+adh) EllipticE [ArcSin| cidx  cudx B
d(-fg+eh)

b EllipticF|

oe=2d) (FBeen) 1|/ agcn)) -

(-de+cf) (-bg+ah) bc-ad
de-cf) (h+ 98 _ <h bc-ad) (-f h
Ar‘cSin[ ( ) ( c+d X c+dx) ]’ ( c-a ) < g+¢€ > ] /
d(-fg+eh) (-de+cf) (-bg+ah)
- b d d f d h
-de+cf  c+dx \/(bJr_ c+a [_F+ €-c (th g-c¢C _lef
_—f L, _h c+dx c+dx c+dx
-de+cf -dg+ch
h 1
_(bc_ad) (_dg+Ch> (_bcl?ad-'—cjjx) (_ f . 1 _*dg+Ch+C+dX
-bdg+adh -de+cf c+dx —f __h
-de+cf -dg+ch
(de-cf) (h+ﬁfﬂ)
(-bdg+adh) EllipticE[ArcSin| crdx cwdx? ],
d(-fg+eh)

b EllipticF|

(bc-ad) (-fg+eh) ] /((bcfad) (-dg+ch)) -

devcf] [bg-an) -
d h
ArcSin| (de-c) (h+c_+f;7cij) 1, (bc-ad) (-fg+eh) ] /
d(*fg+eh) (7de+C'F) (fbg+ah)
f 1
T dercf | crdx -bc+ad de-cf dg-ch
(b+ ( + (h+7 +
e h\/ c+dx c+dx c+dx
-de+cf —dg+ch

b 1 f 1
- + - * h 1
bc-ad c+d X -de+cf c+d X (

f
b h f h

- bc-ad

- +
-dg+ch c+dx

- +
-dg+ch -de+cf -dg+ch
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~de+cH) (-h_—d&+ ch )
c+d X c+d X

EllipticF [ArcSin [J

] (bc-ad) (—fg+eh)>] /

d(-fg+eh) ’ (-de+cf) (-bg+ah

de-cf dg-ch
(++ )[h—
c+dx

/

c+dx

h 1
- +
-dg+ch c+d X -bc+ad
_ b+ ——
f ___h c+dx

-de+cf -dg+ch

bc ad

i
c+dx c+dx

\/g+ (c+dx) (h—ci?)

d

2fh* (fg-eh) (b—

d(be-af) (de-cf) (bCfg+bCeh-2bBfh+2aCfh)Vc+dx

\/ bc ad
o o e
c+dx c+dx

b
J{H (c+dx) (b—ﬁ)

d

dg ch
h + -
c+dx c+dx

+ —

de cf )
c+dx c+dx

h 1
dg\l (bc_ad> <_dg+Ch) (_bc?ad"—cjjx) (_ -F 1 _fdg+ch+c+dx

+
-bdg+adh -de+cf c+dx —f __h

-de+cf -dg+ch

de-cf) (h+c—ff;—ﬁ)

]

(-bdg+adh) EllipticE [ArcSin|
d(-fg+eh)

(bc-ad) (-fg+eh)
(-de+cf) (-bg+ah)

] /((bc-ad) (-dg+ch)) - bEllipticF|

bc-ad

Lo fl (e S SB) | (b ad) (Fgien)
Ar'csln[\l d(-fg+eh) E (-de+cf) (-bg+ah) /
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f 1
- +
~dercf  c+dx -bc+ad
b+
f +L c+dx

B -de+cf -dg+ch

de-cf
('F+

c+dx

dg-ch
(h+g7
c+dx

J (bc-ad) (-dgoch) <b;;d+:dx>( ¢ 3 2

7—dg+ch c+d X
- +
-bdg+adh -de+cf c+dx

-de+cf -dg+ch

(de-cf) (h+ 48 <h

c+d X c+d X

d(-fg+eh) J

(-bdg+adh) EllipticE [ArcSin [J

(bc-ad) (-fg+eh)

mderet] (7bg+ah)} / ((bc-ad) (-dg=ch)) -

b EllipticF|
bc-ad

d h
Ar‘cSin[\l (de-cf) (h+j?_ciﬁ) l (bc-ad) (-fg+eh)

d(-fg+eh) " (-de+cf) (-bg+ah) /

f 1
T et T idx -bc+ad de-cf dg-ch
b+ + h+ ——— +
__f L _h c+dx c+dx c+dx
-de+cf -dg+ch
b 1 1
h bc-ad c+d X -de+cf c+d X ( h 1
- +
__b  __h ___f ,_h -dg+ch c+dx
bc-ad -dg+ch -de+cf -dg+ch
(-de+cf) (-h-d&, <h bc-ad) (-fg+eh
. . g+e
EllipticF [ArcSin| ( crdx CdX) B ( ) { >]/
d(-fg+eh) (-de+cf) (-bg+ah)

h 1
- +
~dg+ch  c+dx -bc+ad
e - - = b+7
f h c+dx

de-cf dg-ch
('F+ ) [h-%—i
_descf -dg+ch

c+dx c+dx

J (c+dx) (ffﬁ)
e+ y

/

) bc ad
2fh (fg-eh) [b—
c+dx c+dx

\/g+ (c+dx) (h_c‘;?)

d
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1

sdx) (F- 5 +dx) (ho "
Z‘f:zhz(bb—c+£)\/e+((:—)()(j(—“"“')*\/g+(c X)d

c+d x c+d x

b
(deFg+deeh+bchh—2deFh+aCdfM
Ve+dx
bc ad de cf dg ch
[[b— + + - h + -
c+dx c+dx c+dx c+dx c+dx c+dx
bc
(c+dx) (b-—m)
a+
d

b 1
d2eg\| (bc_ad> (_dg+Ch> (_bc—ad+c+dx

-bdg+adh

h 1
- +
-dg+ch c+d x
_f h
-de+cf -dg+ch

[ f 1

- +
-de+cf c+dx

(de-cf) (h+—dg——$)

c+d x c+d x

s

(-bdg+adh) E1lipticE[ArcSin|
d(-fg+eh)

(bc-ad) (-fg+eh)

(-de+cf) (-bg+ah) /((bc—ad) (7dg+Ch)>7bcfad

(de-cf) (m—difﬁ) |

c+d X c+d X

b EllipticF[ArcSin [J

(bc-ad) (-fg+eh) ] /

d(-fg+eh) ’ (-de+cf) (-bg+ah)

o f 1
—~de+cf  c+dx -bc+ad
b+ ——
f + h c+dx

B -de+cf -dg+ch

b
cdfg\l (bc-ad) (-dg+ch) (7bc_ad+c+1dx>

-bdg+adh

de-cf
('F+

c+dx

dg-ch
[mL
c+dx

h 1
- +
-dg+ch c+d x
f _ o h
-de+cf -dg+ch

+

[ f 1
-de+cf c+dx
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(de-cf) (h+—dg——$>

(-bdg+adh) E1lipticE [ArcSin [\I

d(ffg::;) =l
((_bdce+acdf)> ((_fbgg++eahh)> /((bc—ad) (-dg+ch)) - bcfad

c+d X c+d X

(de-cf) [h+ 28 <) |

b EllipticF[ArcSin [J

(bc-ad) (-fg+eh) ] /

d(-fg+eh) ’ (-de+cf) (-bg+ah)

de-cf
('F+

f 1
- +
—~de+cf  c+dx -bc+ad
b+ —
t . _h c+dx

B -de+cf -dg+ch

b
cdeh\l (bc-ad) (-dg+ch) (7bC7ad+c+1dX)

_bdg+adh

dg-ch
[,Hgic
c+dx

c+dx

h 1
- +
-dg+ch c+d x
_f h
-de+cf -dg+ch

[ f 1

- +
-de+cf c+dx

(de-c¥) (h+—dg—7&)

c+d X c+d X

(-bdg+adh) EllipticE[ArcSin[\l B

d(-fg+eh)

(bc-ad) (-fg+eh)

(-de+cf) (-bg+ah) /((bc—ad) (_dg+Ch)>_bcfad

(de-cf) (h+—dg——$)

c+d X c+d x

b EllipticF[ArcSin [\I

] (bcad)(-Fg+eh)}/

d(-fg+eh) " (-de+cf) (-bg+ah)

+

de-cf dg-ch
(‘F+ )[h+7
c+dx

o f 1
-de+cf  c+dx -bc+ad
by ———
__f _h c+dx c+dx

-de+cf -dg+ch

b
CZ.FhJ (bc—ad) <_dg+Ch> <_bc—ad+c+1dx)

-bdg+adh
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_h 1
f 1 —dg+ch  c+dx
- +
-de+cf c+dx -—f __h
-de+cf -dg+ch

de-cf) (h+c—‘j§;—ﬁ)

s

(-bdg+adh) EllipticE [ArcSin|
d(-fg+eh)

(bc-ad) (-fg+eh)
(-de+cf) (-bg+ah)

1
bc-ad

I|/ ((bc-ad) (-dg-ch]) -

c+d x c+d x

d(-fg+eh) " (-de+cf) (-bg+ah)

bEllipticF[Arcsin[\l (de-cf) (h+%‘$> ] (bc-ad) (-fg+eh)

f 1
- +
—descf | cadx [b+fbc+ad (F+de7cf [h+dg7ch .
-t ,_h c+dx c+dx c+dx
-de+cf -dg+ch
b 1 R S |
d 'Fg bc-ad c+d x -de+cf c+d x [_ h + 1
b ,_h -—f -dg+ch c+dx
bc-ad -dg+ch -de+cf -dg+ch

[~dercd) (-h- i)

] (bc-ad) (-fg+eh) ] /

EllipticF[ArcSin| s
d(-fg+eh) (-de+cf) (-bg+ah)

h 1
T dgich | crdx -bc+ad de-cf dg-ch
—_ by ————— | [f+ h+ +
f ___h c+dx c+dx c+dx
-de+cf -dg+ch
b 1 f 1
B * - + h 1
bc-ad c+d x -de+cf c+d X
deh _ +
b b _—f L, h -dg+ch c+dx
bc-ad -dg+ch -de+cf -dg+ch

c+d X c+d X

d(-fg+eh) ’ (-de+cf) (-bg+ah)

EllipticF[Ar‘cSin[\l (-de+cf) (7h7%+£> ] (bc-ad) (-fg+eh) /

h 1
- +
-dg+ch c+d X -bc+ad
__“etrl TP 7 by ——
£ __h c+dx

-de+cf -dg+ch

de-cf
['F+

dg-ch
(h+ E-¢
c+dx

c+dx

/
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b 1 f 1
7bc—ad+c+dx 7—de+cf+c+dx h 1
2cfh [— +
__b h - f h -dg+ch c+dx
bc-ad -dg+ch -de+cf -dg+ch

(7de+cf)(fhfif§+cjx)

(bc-ad) (-fg+eh)

EllipticF[ArcSin|

s

d(-fg+eh) (-de+cf) (-bg+ah)
__h 1
~dg+ch  c+dx (b+—bc+ad [f+de—cf [h+dg—ch B
f ___h c+dx c+dx c+dx
-de+cf -dg+ch
£ h -
'F(—dg+ch) [_ . ) bc-ad c+d X
-de+cf -dg+ch g h

+
bc-ad -dg+ch

(7d‘F~F+ t)(fdhrﬁ 1:1) -dfg+deh
_ -ade+c c+a x -ag+c c+a x ElllptlcPl[— s
(_ £, _h )2 (-de+cf)h

-de+cf -dg+ch

~de+cf) (—h——dg—+£) (bc-ad) (-fg+eh)

ArcSin [ c+d x c+d x ] ,
d(-fg+eh) (-de+cf) (-bg+ah)

-bc+ad de-cf dg-ch

[b+7 [f+7 [h+7

c+dx c+dx c+dx

Problem 24: Result more than twice size of optimal antiderivative.

dx

J abB-a2C+b2Bx+b2Cx?
(a+bx)5/2\/c+dx Je+fx \/g+hx

Optimal (type 4, 616 leaves, 8 steps):

I/

| 171

1/
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2b (bB-2aC)d+a+bx Ve+fx v/g+hx 2b%(bB-2aC)~/c+dx Je+fx Vg+hx

(bc-ad) (be-af) (bgfah)m (bc-ad) (be-af) (bgfah)\/m

(de-cf) (g+hx)
(fg-eh) (c+dx)

l/

{2b<bBZaC) Jdg-ch ~/fg-eh vVa+bx \/

Jdg-ch vJe+fx (bc-ad) (fg-eh)
Vfg-eh Jcrdx ’ (be—af) (dg—ch)

EllipticE [Ar‘cSin [

(de-cf) (a+bx]
(be-af) (c+dx)

+

[(bc—ad) (be-af) (bg—ah)\/ g+hx

(be-af) (c+dx)

\Vg+hx
(de-cf) (a+bx)

2(bcC—de+aCd)J

EllipticF [ArcSin

Vfg-eh Va+bx ’ (de-cf) (bg-ah)

[ngfah Ve +fx (bc-ad) (fg-eh) ]/

(be-af) (g+hx)
(fg-eh) (a+bx)

(bc-ad)Vbg-ah /fg-eh vc+dx \/

Result (type 4, 1753 leaves):
2b2 (bB-2aC)Vc+dx Ve+fx /g+hx 1

+

(bc_ad>(be_af><bg_ah)v3:3§_ b(-bc+ad) (-be+af) (-bg+ah)

bg ah
i _
a+bx a+bx

2 ((—bB+2aC) (a+bx>5/2(d+ bc _ad )(F be  af )

a+bx a+bx

/

a+bx a+bx

\/C+ <a+bX) (d_ﬁ) \/e+ <a+bX) (-F_ﬁ> \/g+ <a+bx) (h_ﬁ) _

b b b

1

\/C . (a+b x) (df%) \/e . (a+b x) (‘Ff::x) \/g . (a+bx) (h- ah
b b b

bc ad

(bg-ah) (a+bx)3/2\/[[d+ -

a+bx a+bx

(bc-ad) (be-af)

be af
N _
a+bx a+bx

bg ah
hy ——— -
a+bx a+bx
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h 1
_ bB\I (bc-ad) [bg-ah) (_fbcd+ad+a+:t)x) [ f 1 " bgrah | abx

bdg_bch _f __h
-be+af -bg+ah

- +
-be+af a+bx

(be-af) (h+a—fﬁ_ﬁ)

s

- || (bdg-bch) EllipticE [ArcSin|
b(-fg+eh)

(-bc+ad) (-fg+eh)
(-be+af) (-dg+ch)

||/ ((bc-ad) (bg-ah))|-

be-af) <h+ L’L—ﬂ)
a+b x a+b x }

B

d EllipticF [ArcSin [J

-bc+ad b(-fg+eh)

(-bc+ad) (—-Fg+eh)} /

(-be+af) (-dg+ch)

.
-be+af a+bx ( bc-ad
d+
f b a+bx

" _besaf -bg+ah

be-af bg-ah
('F+ )[h+
a+bx

a+bx

h 1
2ac (bc-ad) (bg-ah) (Tbiaﬂaix) ( f 1 " bgaah | aibx
bdg-bch —f h

- +
-be+af a+bx

-be+af -bg+ah

(be-af) (h+—bi—ﬂ) |

a+b x a+b x

)

-|| (bdg-bch) EllipticE[ArcSin|
b(-fg+eh)

(-bc+ad) (-fg+eh)
(-be+af) (-dg+ch)

]|/ ((bc-aa) (bg-ah))|-

(be-af)

a+b x a+b x

h+—bg——ﬂ)
]

bl

d EllipticF [ArcSin|
-bc+ad

b(-fg+eh)

(-bc+ad) (—-Fg+eh)} /

(-be+af) (-dg+ch)
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£ 1

T beraf o abx bc-ad be-af bg-ah

de ———| [f+ ——| [h+s =] | -
__f h a+bx a+bx a+bx
-be+af -bg+ah
d 1 f 1

- + - + h 1

C -bc+ad a+b x -be+af a+b x (_ . )
d h i h -bg+ah a+bx

- + - +
-bc+ad -bg+ah \ -be+af -bg+ah

(-be+af) (—h—a—?f;+ﬁ)

EllipticF [ArcSin|

] (-bc+ad) <—-Fg+eh)] /

b (-fg+eh) " (-be+af) (-dg+ch)

h 1
- +
-bg+ah a+b x bc-ad
_ —rerel 9% dy ——
f _ h
-be+af -bg+ah

a+bx

be-af bg-ah
['F+ (h+

a+bx

a+bx

Problem 25: Result more than twice size of optimal antiderivative.

dx

J abB-a%2C+b2Bx+b%2Cx?
(a+bx)7/2\/c+dx Ve+fx /g+hx

Optimal (type 4, 1128 leaves, 9 steps):
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(2bd (9a®Cdfh-b® (2Bdeg-c (3Ceg-2Bfg-2Beh)) +ab?
(C(deg+cfg+ceh)+4B(dfg+deh+cfh))-a’b(6Bdfh+5C (dfg+deh+cfh)))
Va+bx e+ fx \/g+hx)/(3 (bc-ad)? (be-af)? (bg—ah)Z\/c+dx)—

2b%? (bB-2aC)Vc+dx Ve+fx /g+hx

3(bc-ad) (be-af) (bg-ah) (a+bx)*?
(Zb2 (9a’Cdfh-b’>(2Bdeg-c(3Ceg-2Bfg-2Beh)) +ab?
(C(deg+cfg+ceh)+4B(dfg+deh+cfh))-a’b (6Bdfh+5C (dfg+deh+cfh)))
Verdx Verfx Vg+hx| /(3 (bc-ad)? (be-af)? (bg-ah)’Varbx -

2b~/dg-ch +/fg-eh (9a’Cdfh-b’ (2Bdeg-c (3Ceg-2Bfg-2Beh)) +

ab®>(C(deg+cfg+ceh)+4B(dfg+deh+cfh))-

(de-cf) (g+hx)
(fg-eh) (c+dx)

a’b (6Bdfh+5C (dfg+deh+cfh)))Va+bx |-

EllipticE [Ar‘cSin

[\/dg—ch e+ fx (bc—ad) (fg—eh)] /
Vfg-eh Jcrdx ’ (be—af) (dg—ch)

(de-cf) (a+bx)
(be-af) (c+dx)

[3(bc—ad)2(be—af)z(bg—ah)z\/ Vg+hx

[2 (3a°Cd*fh-b® (2Bd’eg-Bc*fh-cd (3Ceg-Bfg-Beh)) -

3a?bd (Bdfh+C (dfg+deh-cfh))+

(be-af) (c+dx)
(de-cf) (a+bx)

ab®>(3Bd® (fg+eh)+C (dzeg—cdfg—cdeh—ZCZFh)))\/

WEllipticF[Ar‘csin[\/bg_ah Vet fx ]’ B (bcfad) ('Fg,eh>] /
Vfg-eh Va+bx (de-cf) (bg-ah)

(be-af) (g+hx)
(fg-eh) (a+bx)

3(bc-ad)® (be-af) (bg-ah)*?+/fg-eh Vc+dx J_

Result (type 4, 10645 leaves):
va+rbx Ve+dx Verfx \/g+hx
2b? (bB-2acC)
[ 3(bc-ad) (be-af) (bg-ah) (a+bx)?
2b*Bcfgrab’cCfg+4ab’?Bdfg-5a’bCdfg-2b>Bceh+ab’cCeh+
4abZBdeh75a2deeh+4ab2Bcfh—5aZbcC-Fh—6a2de-Fh+9a3Cdfh))/

- (2b* (3b>cCeg-2b’Bdeg+ab*Cdeg-
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(3 (bc—ad)2 (be—a-F)2 (bg—ah>2 <a+bx)) -

1
3b(-bc+ad)? (—be+a-F)2 (—bg+ah)2

2||(-3b°cCeg+2b’Bdeg-ab’Cdeg+2b’Bcfg-ab’cCfg-

4ab’Bdfg+5a’bCdfg+2b3Bceh-ab?’cCeh-4ab’Bdeh+
5a’bCdeh-4ab’Bcfh+5a’bcCfh+6a’bBdfh-9a*Cdfh)
bc ad be af bg ah

d+ - + - -

(a+bx)5/2
a+bx a+bx a+bx a+bx

a+bx a+bx /
[ e [ [

b b b

(bc-ad) (be-af)

Jc+ (a+bx) (d—a:) \/e+ (a+b x) (ffa:) \/g+ (a+bx) [h-2N_
b b b

bc ad be af

(bg-ah) (a+bx)3/2J((d+ - e -

a+bx a+bx a+bx a+bx

b ah
h + & _

a+bx a+bx

d 1
_ 3b3cceg <bc_ad) (bg_ah> (_be+ad+a+bX)
bdg-bch

h 1
- +
-bg+ah a+b x
. h

-be+af -bg+ah

f 1 L
( - || (bdg-bch) EllipticE|

- +
-be+af a+bx

) (be-af) (h+fﬁ*ﬁ) (-bc+ad) (-fg+eh)
APCSM[J b(-fg+eh) F (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- 1 EllipticF[ArcSin|
-bc+ad

b (-fg+eh) " (-be+af) (-dg+ch)

J (be-af) (h+ P& - —an | (-bc+ad) (—-Fg+eh)} /
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_ f . 1
-be+af a+b x bc-ad
d+
£, _h a+bx

be-af bg-ah
('F+ ) [h+
" besaf -bg+ah

a+bx

a+bx

d 1
2b3Bdeg (bc—ad) (bg_ah> <_,bc+ad+a+bx) (_ f + 1
bdg-bch -be+af a+bx
_ h + =1
% ~||(bdg-bch) EllipticE|

betaf -bg+ah

_ (be-af) (h+f§§*ﬁ) (-bc+ad) (-fg+eh)
APCSln[\I b(-fg+eh) 7 (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- — 1 EllipticF[ArcSin|
-bc+ad

b(-fg+eh) " (-be+af) (-dg+ch)

J (be-af) (h+ P& - —an | (-bc+ad) (—-Fg+eh)] /

o
-be+af a+bx ( bc-ad
d+
f _,_h a+bx

be-af bg-ah
('F+ ) [h-%—i
" _besaf -bg+ah

a+bx

a+bx

d 1
abZCdeg (bc—ad) (bg_ah> <_,bc+ad+a+bx) (_ f 4 1
bdg-bch -be+af a+bx
_ h + =2
% ~||(bdg-bch) EllipticE|

“betaf -bg+ah

_ (be-af) (h+f§§*ﬁ) (-bc+ad) (-fg+eh)
Ar‘csln[\l b(-fg+eh) s (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- — 1 EllipticF[ArcSin|
-bc+ad



178 | Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)~"m (c+d x)”n (e+f x)"p (g+h x)"q.nb

J (be-af) (h+fﬁ*ﬁ) | (-bc+ad) (—fg+eh)} /

b(-fg+eh) ’ (-be+af) (-dg+ch)

f 1
_ + bc-ad be-af bg-ah
_be+af  a+bx (d+ c (-F+ [h+7g +
__f . _h a+bx a+bx a+bx
-be+af -bg+ah
(bc-ad) (bg-ah) [-—4— -2 f 1
2b3Bcfg ( e MX) (’ *
bdg-bch -be+af a+bx
h 1
_7b +ah+a+bx
fg—h ~||(bdg-bch) EllipticE]|

-be+af - -bg+ah

| (be-af) [he 0 2h(pciad) (-fgieh)
Arcsm{\l b (-fg+eh) J (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- g EllipticF[ArcSin]
-bc+ad

J (be-af) (h+fﬁ*ﬁ) | (-bc+ad) (—fg+eh)} /

b(-fg+eh) ’ (-be+af) (-dg+ch)

be-af bg-ah
(f+ )[hi
a+bx

a+bx

_ f . 1
-be+af a+b x bc-ad
d+
f + h a+bx

N -be+af -bg+ah

d 1
b cctg (bc-ad) (bg-ah) (’,bc+ad+a+bx) (7 f Lt
bdg-bch -be+af a+bx
- h + 1
% ~||(bdg-bch) EllipticE|

-be+af B -bg+ah

_ (be-af) (h+a_?5;—ﬁ) (-bc+ad) (-fg+eh)
Arcsm{\l b (-fg+eh) J (-be+af) (-dg+ch) /
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((bc-ad) (bg-ah))|- #d EllipticF [ArcSin|
-bc+ad

)

b(-fg+eh) (-be+af) (-dg+ch)

J (be-af) (hs P —2ah | (-bc+ad) (7Fg+eh)] /

f 1
T besaf  abx (d+bc—ad (F+be—af [h+bg—ah )
_—f L _h a+bx a+bx a+bx
-be+af -bg+ah
(bc-ad) (bg-ah) [-—4—+ =2 £ 1
4ab2Bd-Fg ( -bc+ad a+bx) (7 +
bdg-bch -be+af a+bx
h 1
a -bg+ah * a+b x bd bch 113 .
— |- (bdg-bch) EllipticE|

-be+af B -bg+ah

| (be-af) (heBE_ 2t p L ad) (fgeeh)
Arcsm{\l b (-fg+eh) J (-be+af) (-dg+ch) /

((bc-ad) (bg-ah)) —AAAJLAAfdEllipticF[ArcSin[
-bc+ad

)

b(-fg+eh) (-be+af) (-dg+ch)

J (be-af) (h+ff;—ﬁ) | (-bc+ad) (7Fg+eh)] /

be-af bg-ah
(F+ )[h4
a+bx

a+bx

[ S |
-be+af a+bx bc-ad
d+
£, _h a+bx

N -be+af -bg+ah

d 1
5a2de'Fg (bC7ad> (bgiah> (7—bc+ad+a+bx) (7 f . 1
bdg-bch

-be+af a+bx

h 1
- +
-bg+ah a+b x
f _ h
-be+af -bg+ah

- || (bdg-bch) EllipticE|
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(be-af) (

a+b x

h+ 28 _

ah

)

a+b x

ArcSin [\l

((bc-ad) (bg-ah))|- .

b(-fg+eh)

P

dd EllipticF [ArcSin|

(be-af) (h+a_t:bg§‘ﬁ) ] (-bc+ad) (-fg+eh)
b(-fg+eh)  (-be+af) (-dg+ch)
_f 1
-beraf a+bx (d+bc—ad (_hbe—a-F) [h+M
- h a+bx a+bx a+bx
-be+af -bg+ah
d 1
2b3Bceh (bc_ad) (bg_ah> <_—bc+ad a+bx) (_ f .
bdg-bch -be+af a+bx
__h 1
-bg+ah a+b x

f _ h
-be+af -bg+ah

(bdg-bch) EllipticE]

(be-af) (

a+b x

hy -8 _ ah

)

a+b x

ArcSin [\l

((bc-ad) (bg-ah))|- .

b(-fg+eh)

s

dd EllipticF [ArcSin|

(be-af) (h+a_?bg§‘ﬁ) ] (-bc+ad) (-fg+eh)
b(-fg+eh) ’ (-be+af) (-dg+ch)
_ f 1

-beraf a+bx (d+bc—ad (_hbe—af) (h+M
- h a+bx a+bx a+bx

-be+af -bg+ah

d 1
ab?cCeh (bc_ad) (bg_ah> <_—bc+ad a+bx) (_ f .
bdg-bch -be+af a+bx

(-bc+ad) (-fg+eh)
(-be+af) (-dg+ch)

(-bc+ad) (-fg+eh)
(-be+af) (-dg+ch)
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h 1
- +
-bg+ah a+b x
f _ h
-be+af -bg+ah

~||(bdg-bch) EllipticE|

' (be-af) (h+a_|jbg;*ﬁ) (-bc+ad) (-fg+eh)
APCSln[\l b(-fg+eh) J: (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- #d EllipticF [ArcSin|
-bc+ad

J (be-af) (h+a_5bg;—$) | (-bc+ad) (f-Fngeh)] /

b (-fg+eh) " (-be+af) (-dg+ch)

_f
-be+af a+bx bc-ad
d+
f h a+bx

be-af bg-ah

(‘F+ ) [h+7
- +

-be+af -bg+ah

a+bx

a+bx

d 1
rabiaden (bc-ad) (bg-ah) (—7bc+ad+a+bx) (_ f , 1
bdg-bch -be+af a+bx
— h + 1
% ~||(bdg-bch) EllipticE|

-be+af -bg+ah

' (be-af) (h+a_|jbg;—ﬁ) (-bc+ad) (-fg+eh)
Ar‘cSm[\l b(-fg+eh) E (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- #d EllipticF [ArcSin|
-bc+ad

J (be-af) (h+a_fbg;—ﬁ) | (-bc+ad) (—-Fg+eh)] /

b(-fg+eh) " (-be+af) (-dg+ch)

_f 1
-be+af a+bx bc-ad
d+
f h a+bx

be-af bg-ah

(‘F+ ) [h+7
- +

-be+af -bg+ah

a+bx

a+bx
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d 1
5a2deeh (bc—ad) (bg_ah> (_—bc+ad+a+bx) (_ f 4 1
bdg-bch -be+af a+bx
h 1
" Tbgiah | abx
Fg—h ~||(bdg-bch) EllipticE|

-be+af B -bg+ah

| (be-af) (e B 2]y ad) (fgieh)
NTSHWJ b(-fg+eh) ]’(7be+af)(—dg+ch) //

((bc-ad) (bg-ah)) ————LL———dEllipticF[ArcSin[
-bc+ad

b(-fg+eh) (-be+af) (-dg+ch)

J (be-af) [hr i v |, [becrad) (Fgren) /

B £ 4 1
-be+af a+b x bc-ad
d+
f + h a+bx

be-af bg-ah
(F+ ) [mi
B -be+af -bg+ah

a+bx

a+bx

d 1
. (bc—ad)(bg—ah)(—$cwd+awx) (_ f . 1
bdg-bch -be+af a+bx
— h + 1
w - || (bdg-bch) EllipticE]

“beraf -bg+ah

| (be-af) [he 8 2h) ( pciad) (fgeeh)
Arcsm[\l b(-fg+eh) ) (-be+af) (-dg+ch) /

((bc-ad) (bg-ah)) ————JL———dEllipticF[ArcSin[
-bc+ad

b(-fg+eh) " (-be+af) (-dg+ch)

J [be-af) [h+ 2E - 2n) |, Lberad) (Fgren) /
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f 1
T beraf o abx (d+bcfad (F+befaf [h+bgfah N
_—f ,_h a+bx a+bx a+bx
-be+af -bg+ah
d 1
5a2bcCFh (bC7ad> (bgiah> (77bc+ad+a+bx) (7 f . 1
bdg-bch -be+af a+bx
h 1
_—bg+ah+a+bx bd bch 114 .
— |- (bdg-bch) EllipticE|

-be+af - -bg+ah

. (be—a'F) (h+a_?f;—ﬁ) (-bc+ad) (-fg+eh)
Arcsm{\l b (-fg+eh) I (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- 1 EllipticF[ArcSin]
-bc+ad

J(beaﬂ @+aﬁiazk)} (-bc+ad) bfg+eh)} /

b(-fg+eh) ’(—be+aﬂ (-dg+ch)

f 1
T beraf o abx [d+bcfad (f+befaf [h+bgfah .
_—f ,_h a+bx a+bx a+bx
-be+af -bg+ah
d 1
6a2deFh (bC7ad> (bgiah> (7—bc+ad+a+bx) (7 f . 1
bdg-bch -be+af a+bx
h 1
B -bg+ah * a+b x bd bch 114 .
— |- (bdg-bch) EllipticE|

-be+af - -bg+ah

| (be-af) (heBE_ 2t p L ad) (Fgreh)
Arcsm{\l b (-fg+eh) I (-be+af) (-dg+ch) /
((bc-ad) (bg-ah)) -#dEllipticF[ArcSin[

-bc+ad
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J(beaﬂ @+aﬁiazk)} (-bc+ad) bfg+eh)] /

b(-fg+eh) ’(—be+aﬂ (-dg+ch)

f 1
- + bc-ad be-af bg-ah
-be+af a+b x (d+ C ('F+ [h+ g _
__f L, _h a+bx a+bx a+bx
-be+af -bg+ah
d 1
933Cd'Fh (bC7ad> (bgiah> (7—bc+ad+a+bx) (7 f . 1
bdg-bch -be+af a+bx

h 1
- +
-bg+ah a+b x
f _ h
-be+af -bg+ah

- || (bdg-bch) EllipticE|

| (be-af) [he 0 2h(pciad) (-fgieh)
Arcsm{\l b (-fg+eh) J (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- g EllipticF[ArcSin]
-bc+ad

J(beaﬂ @*aﬁiazu)} (-bc+ad) bfg+eh)] /

b(-fg+eh) ’(—be+aﬂ (-dg+ch)

be-af bg-ah
(f+ )[hi
a+bx

a+bx

_ f -
-be+af a+bx bc-ad
d+
f + h a+bx

- -be+af -bg+ah

d 1 f 1

2 _—bc+ad+a+bx _—be+af+a+bx h 1
b°Bdfg - +
_d ,_h £ b -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah

(-be+af) (—h—fﬁ+ﬁ) } (-bc+ad) (-fg+eh) /

EllipticF[ArcSin[ R
b(-fg+eh) (-be+af) (-dg+ch)

h 1
+
-bg+ah a+bx bc-ad
_ d+
f ___h a+bx

-be+af -bg+ah

be-af
['F+

bg-ah
(h+ g
a+bx

a+bx
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d 1

f 1

- -bc+ad a+b x B -be+af M a+b x h 1
2abCdfg (7 +
_ h _—f h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah
(-be+af) (-h- BB, ah ~bc+ad) (-fg+eh
EllipticF [ArcSin| ( atbx a+bx) 1, ( ) (-fg ) /
b(-fg+eh) (-be+af) (-dg+ch)
Shresertien b d b f b h
_bg+ 4 c-a e-a -a
bgrah a+bx [d-%—i ['F+ (h+ g +
b‘cf, bhh a+bx a+bx a+bx
-be+a -bg+a
__ d 1 o f 1
bZBdeh -bc+ad a+b x -be+af a+b x (_ h + 1
_—d h _—f h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah
(—be+af) ~h- b& , ah -bc+ad) (-f h
. . g+e
EllipticF [ArcSin| ( 2bx o bX) B ( L ) /
b(*‘Fg+eh> (7be+af) <7dg+ch>
h 1
" bgs N bc-ad be-af bg-ah
bgrah abx [d+7c [f+ [h+ g _
bff_ bhh a+bx a+bx a+bx
-be+a -bg+a
N d 1 B f P
2abCdeh -bc+ad a+b x -be+af a+b x (7 h + 1
_—d h _—f h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah
(-be+af) (-h- 2B, ah ~bc+ad) (-fg+eh
EllipticF [ArcSin| ( atbx a+bx) 1, ( ) (-fg ) /
b(-fg+eh) (-be+af) (-dg+ch)
~ean o b d b f b h
-bg+ + c-a e-a -a
bgrah a+bx [d-%—i ['F+ (h+ g +
b‘cf, bhh a+bx a+bx a+bx
-be+a -bg+a
__ d 1 o f 1
b2 Bcfh -bc+ad a+b x -be+af a+b x (_ h + 1
_d h _—f h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah
bg ah
(-be+af) (—h—a+bx+a+bx) (-bc+ad) (-fg+eh)

EllipticF [ArcSin|

b(-fg+eh)

]5

/

(7be+af) <7dg+ch>
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h n 1

" _pgrah | a+bx bc-ad be-af bg-ah
—_— d+ ——| |f+ h+ -
f ___h a+bx a+bx a+bx
-be+af -bg+ah
d 1 f 1
_—bc+ad+a+bx _—be+a'F+a+bx h 1
2abcCfh (— +
_—d h R ; h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah

a+b x a+b x

(-be+af) (*h*_bg_Jri) ] (-bc+ad) (-fg+eh) /

EllipticF [ArcSin| s
b(ffg+eh) (—be+af) <7dg+ch)
__h 1
-bg+ah  a+bx (d+bc7ad [hbe—af (thbgfah B
bf - - bh - a+bx a+bx a+bx
-be+a -bg+a
. d 1 I ; 1
3abBdfh -bc+ad a+b x -be+af a+b x (7 h + 1
h £ h -bg+ah a+bx

- + - +
-bc+ad -bg+ah -be+af -bg+ah

a+b x a+b x

b (-fg+eh) " (-be+af) (-dg+ch)

-be+af) [-h- P&, a0 b 4 (s A
EllipticF[ArcSin[ ( ) ( ) } ( c+a ) < g+e ) /

h n 1

" _pgrah | a+bx bc-ad be-af bg-ah
—_— (d+7 [+ [h+ +
f___h a+bx a+bx a+bx
-be+af -bg+ah
d 1 f 1
- + - + h 1
6a2Cdfh -bc+ad a+b x -be+af a+b x (_ N )
_ h _—f b -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah
(-be+af) (-h- 2B, 2h -bc+ad) (-fg+eh
EllipticF [ArcSin| ( a+hx a+bX) },( ) (-fe ) /
b(-fg+eh) (-be+af) (-dg+ch)
___h L1
_bgrah = a+bx (d+bc—ad [f+be—af [h+bg—ah
f h a+bx a+bx a+bx

-be+af - -bg+ah

Problem 26: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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dx

J (a+bx)2(A+Cx2)

Verdx Verfx \/g+hx

Optimal (type 4, 1097 leaves, 9 steps):
-
105 d3 3 h?

5bdfh (7Abdfh-C(5b (deg+cfg+ceh)+2a(dfg+deh+cfh))))

2(4c(2adfh-3b(dfg+deh+cfh)) (adfh-2b(dfg+deh+cfh))+

1
Ve+dx Ve+fx Vgrhx + ————4C(2adfh-3b (dfg+deh+cfh))
35 d? f2 h?

2C(a+bx)?Vc+dx Ve+fx VJg+hx
(a+bx)\/c+dx Ve+fx /g+rhx + ( ) g _

7dfh
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Problem 28: Result unnecessarily involves imaginary or complex numbers.
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Problem 30: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

A+ Cx?
J dx
(a+bx)?>Vc+dx Ve+fx /g+hx

Optimal (type 4, 738 leaves, 12 steps):
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EllipticPi [ , 1 ArcSinh [

b (-dg+ch) Jeidx | f(-dg+ch)

b 7—dg+ch
h

c2fh dfg deh 2c-FhJ

(bc-ad)h B (de+cf)h]/

d?e cdf cdeh
fh+ & _ & _ +

(c+dx)2 (c+dx)2 (c+dx)2

1
(bc—ad)3

+ +
(c+dx>2 c+dx c+dx c+dx

. -de+cf -dg+ch .. .. (bc-ad)h
a’b?cCdeh||ic [1- 1- EllipticPi[ ——F—,
f (c+dx) h (c+dx) b(-dg+ch)

-dg+ch

Cooh (-de+cf)h —dg+ch
i ArcSinh| ] \/
Ac+dx f(-dg+ch)

fh+
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- + + +

d’eg cdfg cdeh c2fh dfg deh 2cfh]
(c+dx>2 (c+dx)2 (c+dx)2 <c+dx)2 c+dx c+dx c+dx

_ -de+cf 7dg+ ... .. [bc-ad]h
iad EllipticPi [ _,

(c+dx) b(-dg+ch)

_-dg+ch
h (-de+cf)h 7dg+ch
i ArcSinh| ] fh+
Verdx f(-dg+ch)
d’eg cdfg cdeh c2fh dfg deh 2cfh
- - + + + - -
(c+dx>2 (c+dx)2 (c+dx)2 <c+dx)2 c+dx c+dx c+dx

1 ) , -de+cf -dg+ch o
—2ab“cCeh||ic [1- 1- E111pt1cP1[
(bc-ad)? f(c+dx) h (c+dx)

_7dg+ch
(bc—ad)h h <—de+cf)h
T JiAr‘cSinh[ /

b (-dg+ch) Jcidx | f(-dg+ch)

dg+chJ d’eg cdfg cdeh c2fh
- - + +

(c+dx)® (c+dx)® (c+dx)* (c+dx)?
dfg deh 2cfh 1 -de+cf 1 -dg+ch

. _ _ == _
c+dx c+dx c+dx f(c+dx) h (c+dx)
_-dg+ch

(bc-ad)h h (-de+cf)h

EllipticPi[ ———————, i ArcSinh| /

b (-dg+ch) Jeidx | f(-dg+ch)
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7dg+ch \/ d’eg cdfg cdeh
- - +
c+dx (c+dx)2 (c+dx)2
c2fh dfg deh 2cfh 1

+ +
(c+dx>2 c+dx c+dx c+dx

+

<bc—ad)2

sabideh |lic |1 —9ercf |, -derch ... icpi [bc-ad)h
pt1cP1[ ,
'F(C+dx> h(c+dx> b(—dg+ch)

_ -dg+ch
h (—de+cf _dg+ch
i ArcSinh| | fh+
Ave+dx 'F( dg+Ch
d’eg cdfg cdeh c2fh dfg deh 2c-Fh]
- - + + + - -
(c+dx)® (c+dx)® (c+dx)?® (c+dx)? c+dx c+dx c+dx

(c+dx) (c+dx) b(-dg+ch)

, -de+cf 7dg+ch ... .. [bc-ad]h
iad EllipticPi [ _—,

_-dg+ch
h (7de+c-F 7dg+ch
i ArcSinh| |s fhe
Ve+dx 'F< dg+ch
d’eg cdfg cdeh c2fh dfg deh 2cfh

- - + + +
<C+dx>2 (c+dx>2 (c+dx)2 <c+dx)2 c+dx c+dx c+dx

_ -de+cf -dg+ch . . .. [bc-ad)h
2abCeh|jic [1- 1- E111pt1cP1[7
bc-ad

£ (c+dx) h (c+dx) b(-dg+ch)’
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_-dg+ch
h (—de+c-F _dg+ch
i ArcSinh| |5 fh+
e+dx f(-dg+ch)
d’eg cdfg cdeh c2fh dfg deh 2cfh

- - + + +
(c+dx>2 (c+dx)2 (c+dx)2 <C+dx)2 c+dx c+dx c+dx

, J —de+cf\/ ~dg+ch ... . [bc-ad)h
iad - EllipticPi[ — ),

(c+dx) b(-dg+ch)

_-dg+ch
h (—de+c-F _dg+ch
i ArcSinh| !, fh+
Vc+dx f(-dg+ch)
d’eg cdfg cdeh c2fh dfg deh 2cfh

(c+dx>2 (c+dx)2 ) (c+dx)2+ (c+dx)2 ' C+dXJr c+dx c+dx

Iy

1 ) -de+cof -dg+ch L.
——Ab*c?fh||ic - 1-——m E111pt1cP1[
(bc-ad)? f(c+dx) h (c+dx)

(bc-ad)h , Son <—de+c-F)h]/

, 1 ArcSinh|

b (-dg+ch) Jcidx | f(-dg+ch)

=

dfg deh 2cfh
i _
c+dx c+dx c+dx

) -de+cof -dg+ch
-ltad [1-—— [1-—"——
\/ f(c+dx) J h (c+dx)
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_-dg+ch
(bc-ad)h h (-de+cf)h
EllipticPi| ————————, i ArcSinh]| s ]/
b(-dg+ch) Joidx | f(-dg+ch)
—dg+ch\/ d’eg cdfg cdeh
fh+ - _ i
(c+dx)® (c+dx)® (c+dx)?
c2fh dfg deh 2cfh 1
+ + - + —
(c+dx)? c+dx crdx c+dx (bc-ad)?

. ~de+cf -dg+ch ... .. (bc-ad]h
a’b*c?cfh|lic [1- ——— [1-———— EllipticPi| ———,
f(c+dx) h(c+dx) b(-dg+ch)

_ -dg+ch
h (—de+c-F 7dg+ch
i ArcSinh| ] fhe
AV ec+dx 'F< dg+ch
d’eg cdfg cdeh c2fh dfg deh 2cfh

(c+dx>27 (c+dx)27 (c+dx)2+ <c+dx)2+c+dX+C+dX c+dx

_ ~de+cf —dg+ ... .. [bc-ad]h
iad EllipticPi [ _—,

(c+dx) (c+dx) b(-dg+ch)

_ —dg«ch
h ( de+c-F 7dg+ch
i ArcSinh| B fhe
\Ve+dx f( dg+Ch
d’eg cdfg cdeh c2fh dfg deh 2cfh
- - + + + -

(c+dx>2 (c+dx)2 (c+dx)2 <c+dx)2 c+dx c+dx c+dx

|
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1 3 , -de+cf -dg+ch .
——————2Ab’cfh||ic [1-———— [1-———— EllipticPi|
(bc-ad)? f(c+dx) h (c+dx)

_7dg+ch
(bcfad)h h <7de+cf)h
————— i ArcSinh]| ] /

b (-dg+ch) Jeidx | f(-dg+ch)

Il

d’eg cdfg cdeh c2fh

- - + +

c+dx (c+dx)2 <c+dx)2 (c+dx)2

dfg deh 2cfh 1 -de+cof 1 -dg+ch
+ _ _ o= _
c+dx c+dx c+dx f(c+dx) h<c+dx)
-dg+ch

EllipticPi [ , 1 ArcSinh [

b (-dg+ch) Jeidx | f(-dg+ch)

=

c2fh dfg deh 2c-FhJ

(bc-ad)h B | (de+cf)h]/

d?e cdf cdeh
fh+ & _ & _ +

c+dx (c+dx)2 (c+dx)2

1
(bc—ad)2

+ +
(c+dx>2 c+dx c+dx c+dx

f(c+dx) h (c+dx) b(—dg+ch),

_-dg+ch
h ~de+cf) _
i ArcSinh| ] (-de+e dg+ch \/
Ve+dx f(-dg+ch)

5 , ~de+cf ~dg+ch . . .. (bc-ad)h
2aAb?dfh||ic [1-———— [1-—°—— EllipticPi[———

fh+
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d’eg cdfg cdeh c2fh dfg deh 2cfh

(c+dx>2_ (c+dx)2_ (c+dx)2+ <c+dx)2+c+dX+C+dX c+dx

_ -de+cf 7dg+ ... .. [bc-ad]h
iad EllipticPi [ _,

(c+dx) (c+dx) b(-dg+ch)

_—dg+ch
h (—de+c-F 7dg+ch
i ArcSinh]| B fhe
AV ec+dx 'F< dg+Ch
d’eg cdfg cdeh c2fh dfg deh 2cfh
- - + + + -

(c+dx>2 (c+dx)2 (c+dx)2 <c+dx)2 c+dx c+dx c+dx

bc-ad

, , -de+cf -dg+ch . . .. [bc-ad)h
A2 Fh||ic [1-———— [1-—="—— EllipticPi| ——1—,
f (c+dx) h (c+dx) b (-dg+ch)

_-dg+ch
h (—de+c-F 7dg+ch
i ArcSinh| |s fhe
AV e+dx 'F< dg+ch
d’eg cdfg cdeh c2fh dfg deh 2cfh
- - + + + -

(c+dx>2 (c+dx)2 (c+dx)2 <c+dx)2 c+dx c+dx c+dx

) —de+c-F
i1ad
c+dx
_7dg+ch
h —de+cwc 7d h
jArcSinh[ ] ( -¢s+ch J
Ve+dx 'F< g+Ch

. bc-ad) h
dg+Ch EllipticPi[%

J
(c+dx) b(-dg+ch)

@

fh+
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d’eg cdfg cdeh c2fh dfg deh 2cfh

(c+dx>2 i (c+dx)2 ) (c+dx)2+ <c+dx)2 ' C+dXJr c+dx c+dx

—de+cf -dg+ch . . .. (bc-ad)h
a?Cfh 1- ———— EllipticPi| ———,
bc-ad (c+dx) h (c+dx) b(-dg+ch)
_-dg+ch
h (—de+c-F _dg+ch
i ArcSinh| ] fhe
e+dx f(-dg+ch)
d’eg cdfg cdeh c2fh dfg deh 2cfh
- - + + + - -

(C+dx>2 (c+dx>2 (c+dx)2 <c+dx)2 c+dx c+dx c+dx

. -de+cef -dg+ch . (bc—ad)h , .
iad [1-———— [1-—°—— EllipticPi[——————, i ArcSinh|
h (c+dx) b(-dg+ch)

_ -dg+ch
h ] (-de+cf)h —dg+ch \/ _d’eg
Jc+dx ( dg+ch c+dx
cdfg cdeh c2fh dfg deh 2cfh /
- + + + -

(c+dx>2 (c+dx)2 (c+dx)2 c+dx c+dx c+dx

Ab2d?2eg a’Cd’eg
+ _

-2b%Ceg+2abCfg+2abCeh+Ab?>fh-a2Cfh~+
<c+dx)2 <c+dx>2

Ab’>cdfg a’cCdfg
<c+dx)2_ (c+dx)2_
Ab’?cdeh a’cCdeh
<c+dx)2_ (c+dx)2
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Ab%>c2fh a?c2Cfh
+ +
<C+dx)2 (c+dx>2
2b2cCeg 2abCdeg
+ _

c+dx c+dx
2abcCfg 2Ab%dfg
. _

c+dx c+dx
2abcCeh 2Ab2deh

+

c+dx c+dx
2Ab%2cfh 2aAbdfh
c+dx c+dx
f _ch
e+(c+dx) (f—cij) g+(c+dx) (h—cidx)
d d

Problem 31: Result more than twice size of optimal antiderivative.

dx

J (a+bx)3/2 (A+Cx?)

Verdx Je+rfx \Jg+hx

Optimal (type 4, 1395leaves, 10 steps):
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((C<3adfh—5b(dfg+deh+cfh)) (adfh-3b (dfg+deh+cfh))+
8bdfh (3Abdfh-C(2b(deg+cfg+ceh)+a(dfg+deh+cfh))))

Va+bx Ve+fx \/g+hx>/(24bd2f3h3\/c+dx)+ !

12 d? f2 h?
C(3adfh-5b(dfg+deh+cfh))va+bx vJc+dx Ve+fx /g+hx +
C (a+bx)3/2\/c+dx Vve+fx \/g+hx

3dfh

{\/dgch Vfg-eh (C(3adfh-5b(dfg+deh+cfh)) (adfh-3b(dfg+deh+cfh))+

8bdfh (3Abdfh-C(2b(deg+cfg+ceh)+a(dfg+deh+cfh))))VJa+bx

[(de-cf) (g+hx] EllipticE[APCSin[\/dg7Ch Ve fx ) (bc-ad) (fg-eh) /
(fg-eh) (c+dx) Vfg-eh Vc+dx (be-af) (dg-ch)

de-cf b
24b d* £ h? de-c¥) (a-bx) Vg+hx |+
(be-af) (c+dx)

(be-af)Vbg-ah (3a*Cd*f*h’+6abCdfh (cfh+2d(fg+eh)) -

b> (24Ad*>f2h?+C (52 f*h*+4cdfh (fg+eh) +d® (15f°g’+14efgh+15e*h%))))

(de-cf) (a+bx] \fg-eh vJa+bx

/

be-af) (c+d -
J< ecaf) (edx) rorix EllipticF[ArcSin[\/bg I CIXE ],

i (bc-ad) (fgfeh)}

(de-cf) (bg-ah)

(be-af) (g+hx)
(fg-eh) (a+bx)

2402 d>Fh3+/fg-eh Vc+dx J-

1

24b2d>\/bc-ad A h*/c+dx e+ fx
(4bdfh (C(b(deg+cfg+ceh)+a(dfg+deh+cfh)) (3adfh-5b(dfg+deh+cfh))+
2dfh (3b°cCeg+2a’C(dfg+deh+cfh)-ab(12Adfh-5C(deg+cfg+ceh))))+
(adfh+b(dfg+deh+cfh)) (C(3adfh-5b(dfg+deh+cfh))
(adfh-3b (dfg+deh+cfh))+
8bdfh (3Abdfh-C(2b(deg+cfg+ceh)+a(dfg+deh+cfh)))))

<a+bx)\/(bg_ah> e dx) \/<bg_ah) e+ ¥ EllipticPi[—M

(dg-ch) (a+bx) \| (fg-eh) (a+bx) (bc-ad)h’

\V-dg+ch

[\/bc—ad \g+hx (be-af) (dg-ch)

ArcSin B
-dg+ch Va+bx (bc—ad) ('Fg—eh)

Result (type 4, 38310 leaves): Display of huge result suppressed!
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Problem 32: Result more than twice size of optimal antiderivative.
J \Va+bx (A+CX2)

Ve+rdx VerFfx \/g+hx

dx

Optimal (type 4, 937 leaves, 9 steps):
C(adfh-3b(dfg+deh+cfh))Va+bx vJe+fx V/g+hx
4bdf?h?+/c+dx

CVa+bx Vc+dx Ve+fx Jg+hx
2dfh

+

(de-cf) (g+hx)

CvV/dg-ch +/fg-eh (adfh-3b(dfg+deh+cfh))Va+bx J-

(fg-eh) (c+dx)

EllipticE [Ar‘cSin [

Jdg-ch e+ fx (bc-ad) (fg-eh) /
Vfg-eh Jc+dx ’ (be—a-F) (dg—ch)

+

(be-af) (c+dx)

de-cf b
4bd2+‘2h2\/( e-c )(a+ X) m

(be-af) (c+dx)
(de-cf) (a+bx)

1/

C(be-af)+/bg-ah (adfh+b(cfh+3d (-Fg+eh>))\/

{\/bg—ah Ve+fx (bc-ad) (fg-eh)
Vfg-eh va+bx J (de-cf) (bg-ah)

Vg +hx EllipticF[ArcSin

(be-af) (g+hx)
(fg-eh) (a+bx]

4b>df?h?+/fg-eh /c+dx \/

[\/dg+ch (Cladfh-3b(dfg+deh+cfh)) (adfh+b (dfg+deh+cfh)) -

4bdfh (2Abdfh-C(b(deg+cfg+ceh)+a(dfg+deh+cfh))))

(a+bx>\/(bg—ah) (c+dx) \/(bg—ah) (e+fx)

(dg-ch) (a+bx] (fg-eh) (a+bx]

b(dg—ch),ArcSin[vbc_advgmx (be—af)(dg—ch)]/

EllipticPi[- ,
i | (bc-ad)h \-dg+ch Jarbx (bc-ad) (fg-eh)

(4b2d2\/bc—ad £2n3+/c+dx \/e+fx)

Result (type 4, 16659 leaves):
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C\/a+bx \/C+dx \/e+-Fx \/g+hx
i
2dfh

[c (-3bdfg-3bdeh-3bcfh+adfh) (a+bx)>?

be af
f+ -

a+bx a+bx /
_ad _af _ah
2d'Fh\/c+ (a+bx) (d_aibx) \/e+ (a+bx) (-F_aibx) \/g+ (a+bx) (h_aibx)

bg ah
h+ -
a+bx a+bx

bc ad
(d+ - )

b b

1/ 2d{h\/“<a+bx) (d—ﬁ) \/e+<a+bx) (F—ﬁ) \/g+<a+bx) (hfﬁ)

<a+bx)3/2 [(d+ bc B ad
a+bx a+bx

d
3b4ccde.f:g2\l (bc—ad) (bg_ah> (_—bC+ad+a+1bx)

be af
+ _
a+bx a+bx

bg ah
h + -
a+bx a+bx

bdg-bch

h 1
- +
-bg+ah a+b x
_f h
-be+af -bg+ah

[ f 1

- +
-be+af a+bx

a+b x a+b x

(be-af) (h+ﬁfﬂ) |

)

- || (bdg-bch) EllipticE [ArcSin|
b(-fg+eh)

(-bc+ad) (-fg+eh)
(-be+af) (-dg+ch)

_ i
-bc+ad

]/((bc—ad) (bg-ah))|-

(be-af) (h+a—?§;7ﬁ)

1. (-bc+ad) (—-Fg+eh)} /

dEllipticF [ArcSin
1ptl [ 1 [\l b(_fg+eh) (-be+af) (—dg+ch)

- |3ab’cd?ef

be-af bg-ah
['F+ (th

a+bx

a+bx

o f 1
-beraf  atbx bc-ad
d+
£, a+bx

B -be+af -bg+ah
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d 1 B h 1

gz (bc—ad) (bg—ah) (— 7bc+ad+a+bX) [_ f . 1 7bg+ah+a+bX
bdg-bch -be+af a+bx —f __h

-be+af -bg+ah

peet) e ]

)5

- || (bdg-bch) EllipticE [ArcSin|
b(-fg+eh)

(-bc+ad) (-fg+eh) 1

(-be+af) (-dg+ch)

I|/ ((bc-ad) (bg-an))|-

-bc+ad

be-af) (h+a—t:§;—ﬁ)

] (-bc+ad) (ngJreh)} /

d El1lipticF[ArcSin| s
b(-fg+eh) (-be+af) (-dg+ch)

o f 1
-be+taf a+bx bc-ad
d+
-t ., _h a+bx

-be+af -bg+ah

be-af bg-ah
['F+ (h+

a+bx

a+bx

d 1
3ab3chF2g2 (bc—ad) <bg_ah) (_—bc+ad+a+bx>
bdg-bch

h 1
- +
-bg+ah a+b x
f _ h
-be+af -bg+ah

[ f 1
- +
-be+af a+bx

(be-af) (h+—bifﬂ) |

a+b x a+b x

)

- || (bdg-bch) EllipticE [ArcSin|
b(-fg+eh)

(-bc+ad) (-fg+eh)
(-be+af) (-dg+ch)

_ i
-bc+ad

||/ ((bc-aa) (bg-ah))|-

be-af) (h+a—f’f;7ﬁ)

] (-bc+ad) (—-Fg+eh)} /

dEllipticF|ArcSi ?
iptic [r‘c ln[\l b<_fg+eh> (—be+af) (—dg+Ch)

be-af bg-ah
['F+ (h+

a+bx

R S |
-be+raf a+bx bc-ad
d+
-—f ,_h a+bx a+bx

-be+af -bg+ah
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d 1
3aszcd2_F2g2 (bc—ad) (bg_ah> (_—bc+ad+a+bx
bdg-bch
_h o,
[ f 1 -bg+ah  a+bx
- +
-be+af a+bx L h

“besaf -bg+ah

a+b x a+b x

)

(be-af) (h+—bifﬂ) |

- || (bdg-bch) EllipticE [ArcSin|
b(-fg+eh)

-bc+ad) (-fg+eh 1
( ) | >] /((bc—ad) (bg-ah))|-——
(-be+af) (-dg+ch) -bc+ad
be-af) [h+ D& _ 20 b q) (_f h
d E1lipticF [ArcSin| ) ( atbx a+bx) ], (-bc+ad) (-fg+eh)
b(-fg+eh) (-be+af) (-dg+ch)
f 1
T Theaf  abx bc-ad be-af bg-ah
[d+ [ + (h+ +
£ . _n \/ a+bx a+bx a+bx
-be+af -bg+ah

(bc-ad) (bg-ah) (— d +a+lbx)

3b4ccde2gh -bc+ad
bdg-bch
__h 1
[_ f N 1 -bg+ah a+b x
-be+af a+bx f _h

-be+af B -bg+ah

(be-af) (h+a—i’bg;—ﬁ)

]s

- || (bdg-bch) EllipticE [ArcSin|
b(-fg+eh)

1

(-bc+ad) (-fg+eh)
(—be+af) <*dg+ch>] /((bC—ad> (bg—ah)) ~

a+b x a+b x

(be-af) (h+£&*i) ] (-bc+ad) (-fg+eh)

-bc+ad

d E1lipticF [ArcSi ,
iptic[are ln[\l b(-fg+eh) (-be+af) (-dg+ch)

/

/
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f 1
T Tberaf | abx {d+bcfad (TCerefmc (thbgfah )
__f h a+bx a+bx a+bx
-be+af -bg+ah
(bc-ad) (bg-ah) (- —4—+ 2
3ab3cd2e2gh (—bc+ad a+bx)
bdg-bch
__h 1
[7 f N 1 -bg+ah a+b x
-be+af a+bx f h

-be+af B -bg+ah
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-be+af -bg+ah
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- +
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(_b1c P t )(_bh h' t ) -bfg+beh
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(_ £ _h )2 (-be+af)h
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b h
NTSHWJ Fbe+af>(_h_;ji+;i:)] (-bc+ad) (-fg+eh)

b (-fg+eh) " (-be+af) (-dg+ch)
bc-ad
(d+
{\/ a+bx

be-af bg-ah
('F+ (h+
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l/

I/

I/
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f h 41
3b2c2Cf2h <7bg+ah> (, + ) -bcrad  a+bx
-be+af -bg+ah d h

-bc+ad -bg+ah

(‘ veat "o H‘ TR ) ~bfg+beh
~ -be+af a+bx -bg+ah a+b x EllipticPi[— g ,
(7 £ h )2 (-be+af)h

+
-be+af -bg+ah

_ (-be+af) (*h*fi+ﬁ) (-bc+ad) (-fg+eh)
Arcsm[\l b(-fg+eh) ) (-be+af) (-dg+ch) /

bc-ad be-af bg-ah
(d*' ('F+ (h+ ) _
a+bx a+bx a+bx
f h -4,
2abcCdf?h (-bg+ah) (_ . ] Tocead ' asbox
-be+af -bg+ah __d h

+
-bc+ad -bg+ah

(_ bf'F+ t)(_bhh+ 1b> -bfg+beh
B -be+a a+b X -bDg+a a+b X Elllptlcpl[— s
(_ f_,_h )2 (-be+af)h

-be+af -bg+ah

b h
ArcSin| (-be+af) (_h_a_+bg;+a‘j?) ] (-bc+ad) (-fg+eh) /
b(ffg+eh> ? (7be+af) (*dg+ch>
{\/ bc-ad be-af bg-ah
(d+ (f+ (h+ +
a+bx a+bx a+bx
f h e e
8Ab?d*f>h (-bg+ah) (_ . J berad | arbx
-be+af -bg+ah . d h

+
-bc+ad -bg+ah

(7 bFer 1b>(7bhh+ 1b> -bfg+beh
B -be+a a+b X -bg+a a+b X Elllptlcpl[— s
(_ £ _h )2 (-be+af)h

-be+af -bg+ah

| (bevaf) [cho B 2) b ag) (fgieh
Ar‘cSm[\I b(-fg+eh) I (-be+af) (-dg+ch) /
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bc-ad be-af bg-ah
{d+ ('FJr (h+ ) _
a+bx a+bx a+bx
f h -—d + L
a?Cd?f%h (—bg+ah) (— + ] -bcrad  a+bx
-be+af -bg+ah d h

N -bc+ad -bg+ah

(7 bfer t)(fbthr 1b> -bfg+beh
_ -be+a a+b X -bg+a a+b X ElllptlcPl[— s
(7 £ _n )2 (-be+af)h

-be+af -bg+ah

a+b x a+b x

Ar‘cSin[ <fbe+af) (7h74bL+ﬂ) ] (—bc+ad) (—'Fg+eh)

b(-fg+eh) ’ (-be+af) (-dg+ch)
\/ bc-ad be-af bg-ah
(d+ ('F+ (h+
a+bx a+bx a+bx

Problem 33: Result more than twice size of optimal antiderivative.

A+Cx?
J dx
va+bx Vc+rdx Ve+fx Vg+hx

Optimal (type 4, 757 leaves, 8 steps):

N/
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C\/a+bx \/e+-Fx \/g+hx

bfh+c+dx
de-cf h _
CvVdg-ch +/fg-eh Va+bx —< e-cf) (g-hx) Ellip‘cicE[Ar'cSin[\/dg ch Ve fx 1,
(fg-eh) (c+dx) Vfg-eh vJc+dx

+

(bc-ad) (fg-eh) }]/

bdfh\/(dec-F) (a+bx) Jarrx
(be-af) (dg-ch)

(be-af) (c+dx)

(be-af) (c+dx)
(de-cf) (a+bx)

Vg+hx

@Zth+abc(fg+eh)_w(Ceg_ZAfh))J

EllipticF [ArcSin| , -
Vfg-eh vJa+bx (de-cf) (bg-ah)

vbg-ah Ve+fx (bc-ad) (-Fg—eh)}]/

(be-af) (g+hx)
(fg-eh) (a+bx)

b>fh+/bg-ah v/fg-eh \/c+dx J

(bg-ah) (c+dx)
(dg-ch) (a+bx]

[CVdg+ch(adfh+b<dfg+deh+cFM)(a+bx)J

, ArcSin| s

(bg-ah) (e+fx) EllipticPi[—b<dg_Ch) vbc-ad vg+hx
(fg-eh) (a+bx) (bc-ad)h V-dg+ch Va+bx

(be-af) (dg-ch)
(bc-ad) (fg-eh)

}]//@ZdVE??Ethzvc+dx Verfx|

Result (type 4, 6207 leaves):

be af
f+ -
a+bx a+bx

bg ah
h+ -
a+bx a+bx

b d
-2 - &(a+bxfn(d+——i—f 2
b3 a+bx a+bx

|/

J<> o] JEJM [+ ) Jg+<a+bx> ==l

b b b

1/ 2d-Fh\/C+(a+bX> (dia?;x) \/e+(a+bx) (f*ﬁ) \/g+(a+bx) (h,ﬁ)

b

(a+bx)?? Ud+ be _2ad
a+bx a+bx

be af
4 _
a+bx a+bx

bg ah

a+bx a+bx
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d 1
bBCCEg <bc_ad) <bg_ah) (_be+ad+a+bx
bdg-bch

h 1
- +
-bg+ah a+b x
f __—h

-be+af -bg+ah

( f 1
- +
-be+af a+bx

- || (bdg-bch) EllipticE|

_ (be-af) (h+ff§*ﬁ) (-bc+ad) (-fg+eh)
NTSH%J b(-fg+eh) ]J(—be+af)(—dg+ch) //

((bc-ad) (bg-ah))|- 1 g EllipticF[ArcSin|
-bc+ad

J (be-af) (h+ P& - -an | (-bc+ad) (—-Fg+eh)] /

b (-fg+eh) " (-be+af) (-dg+ch)

o
-be+af a+bx bc-ad
d+
f b a+bx

be-af bg-ah
('F+ ) [h+ —_—
" _besaf -bg+ah

a+bx

a+bx

d 1
abZCdeg (bc—ad) (bg_ah> <_7bc+ad+a+bX) (_ f + 1
bdg-bch -be+af a+bx
- h + 1
% ~||(bdg-bch) EllipticE|

betaf -bg+ah

_ (be-af) (h+f§§*ﬁ) (-bc+ad) (-fg+eh)
NTSH%J b(-fg+eh) ]’(—be+af)(—dg+ch) //

((bc-ad) (bg-ah))|- — 1 EllipticF[ArcSin|
-bc+ad

J (be-af) (h+ P& - —an | (-bc+ad) (—-Fg+eh)] /

b(-fg+eh) " (-be+af) (-dg+ch)
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f 1
_ + bc-ad be-af bg-ah
-be+af a+b x (dJr C ('F+4 [h+g4 _
__f ., _h a+bx a+bx a+bx
-be+af -bg+ah
(bc-ad) (bg-ah) (- d__, 1t f 1
ab’cCfg e (’ !
bdg-bch -be+af a+bx
h 1
_7b +ah+a+bx
fg—h ~||(bdg-bch) EllipticE|

-be+af - -bg+ah

. (be—a'F) (h+a_?f;—ﬁ) (-bc+ad) (-fg+eh)
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-bc+ad
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b(-fg+eh) ’ (-be+af) (-dg+ch)

f 1
- + bc-ad be-af bg-ah
-be+af a+b x (d+ C ('F+ [h+ g +
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-be+af -bg+ah
(bc-ad) (bg-ah) (- —0— 4 2 P 1
aszd-Fg ( -bc+ad a+bx) (7 N
bdg-bch -be+af a+bx
h 1
B -bg+ah * a+b x bd bch 114 .
— . |- (bdg-bch) EllipticE|

-be+af - -bg+ah

| (be-af) (heBE_ 2t p L ad) (Fgreh)
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J (be-af) (h+fﬁ*ﬁ) | (-bc+ad) (—fg+eh)} /

b(-fg+eh) ’ (-be+af) (-dg+ch)

f 1
- + bc-ad be-af bg-ah
-be+af a+b x (d+ C ('F+ [h+ g _
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-be+af -bg+ah
d 1
abcheh (bC7ad> (bgiah> (7—bc+ad+a+bx) (7 f . 1
bdg-bch -be+af a+bx
h 1
B -bg+ah * a+b x bd bch 114 .
— . |- (bdg-bch) EllipticE|

-be+af - -bg+ah

| (be-af) [he 0 2h(pciad) (-fgieh)
Arcsm{\l b (-fg+eh) J (-be+af) (-dg+ch) /

((bc-ad) (bg-ah))|- g EllipticF[ArcSin]
-bc+ad

J (be-af) (h+fﬁ*ﬁ) | (-bc+ad) (—fg+eh)} /

b(-fg+eh) ’ (-be+af) (-dg+ch)

be-af bg-ah
(f+ )[hi
a+bx

a+bx

_ f . 1
-be+af a+b x bc-ad
d+
f + h a+bx

N -be+af -bg+ah

d 1
S bcden (bc-ad) (bg-ah) (’,bc+ad+a+bx) (7 f Lt
bdg-bch -be+af a+bx
— h + 1
% ~||(bdg-bch) EllipticE]

-be+af B -bg+ah

_ (be-af) (h+a_?5;—ﬁ) (-bc+ad) (-fg+eh)
Arcsm{\l b (-fg+eh) J (-be+af) (-dg+ch) /
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((bc-ad) (bg-ah))|- #d EllipticF [ArcSin|
-bc+ad

)

b(-fg+eh) (-be+af) (-dg+ch)

J (be-af) (hs P —2ah | (-bc+ad) (7Fg+eh)] /

f 1
- + bc-ad be-af bg-ah
-be+af a+b x (d+ c-a (f+ €-a [h+ g-a +
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-be+af -bg+ah
(bc-ad) (bg-ah) [-—4—+ =2 P 1
aszC'Fh ( -bc+ad a+bx) (7 +
bdg-bch -be+af a+bx
h 1
B -bg+ah M a+b x bd bch 114 .
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-be+af B -bg+ah

| (be-af) (heBE_ 2t p L ad) (fgeeh)
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-bc+ad

)

b(-fg+eh) (-be+af) (-dg+ch)
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-be+af a+bx bc-ad
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N -be+af -bg+ah

d 1
egen | fbc-ad) (be-an) (-Eg. S )
bdg-bch -be+af a+bx
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w - || (bdg-bch) EllipticE]

-be+af B -bg+ah
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f _—h a+bx a+bx a+bx
-be+af -bg+ah
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(7bff+ :L)(ibhh+ lb) -bfg+beh
_ -be+a a+b X -bg+a a+b X ElllptiCPl[— s
(7 £ _h )2 (-be+af)h

-be+af -bg+ah
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(_bff+ 1b)(_bhh+ lb) -bfg+beh
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(, f ., _h )2 (-be+af)h

-be+af -bg+ah
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bc-ad be-af bg-ah
(d+ )['F-%—i (h+7 +
a+bx a+bx a+bx
f h Shrwswenk o
acdf (-bg+ah) {— + ) berad  a:bx
-be+af -bg+ah d h

- +
-bc+ad -bg+ah

1 h 1 )

£
_ (_ -be+af * a+bx) (_ -bg+ah * a+b x EllipticPi[— —bfg+beh

() (-be+af)h’
-be+af -bg+ah

Ar‘cSin[J (-be-+af) (_h_a_Ebg;Jrﬁ) ] (-bc+ad) (-fg+eh) /

b (-fg+eh) " (-be+af) (-dg+ch)
bc-ad be-af bg-ah
(m {-F+7 (m— ;
[\/ a+bx a+bx a+bx
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_ d . 1
f h ) -bc+ad a+b x

+
-be+af -bg+ah _—d h
-bc+ad -bg+ah

bCcdfg(-bg+ah) [—

(_ befaf+a:t)x) (_ bhah+atx) —b'Fg+beh

-—= - —& . EllipticPi[- ————,
(, £, _h )2 (-be+af)h
-be+af -bg+ah

a+b x a+b x

Arcsin | (-be+af) (7h7i&+ﬂ) l (-bc+ad) (-fg+eh)

b (-fg+eh) " (-be+af) (-dg+ch)

bc-ad be-af
h (d+ )(‘F+
a+bx a+bx

bg-ah
e
a+bx

Problem 34: Result more than twice size of optimal antiderivative.

A+ C X2
J dx
(a+bx)3/2\/c+dx Je+rfx \/g+hx

Optimal (type 4, 867 leaves, 9 steps):

1/
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2 (Ab?+a*C)dva+bx Ve+fx /g+hx 2 (Ab*+a’C)~/c+dx Ve+fx Vg+hx

b(bc-ad) (be-af) (bg-ah)/c+dx (bc-ad) (be-af) (bg-ah)a+bx

(de-cf) (g+hx)
(fg-eh) (c+dx)

2(Ab2+a2C) Jdg-ch ~/fg-eh vJa+bx \/

EllipticE [Ar‘cSin [

Vdg-ch e+ fx (bc-ad) (fgfeh)] /
Vfg-eh Jcrdx ’ (be—af) (dg—ch)

b(bc-ad) (be-af) (bg—ah)\/E::_:i; E:i:i; Vg+hx | -
2(2abcC+Ab2d—a2Cd)\/(be_aﬂ L N
(de-cf) (a+bx)

EllipticF [ArcSin
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2C\/m(a”bx)\/(dg—ch) (a+bx) \/(-Fg—eh) (a+bx) Elllptlcpl[imj
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Result (type 4, 2103 leaves):
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(bc-ad) (be-af) (bg-ah) Varbx b*(-bc+ad) (-be+af) (-bg+ah)
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be af
f+ -
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bg ah
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a+bx a+bx

/

\/c+(a+bx) (d—ﬁ) \/e+(a+bx) (f—ﬁ) \/g+(a+bx) (h—ﬁ)

b b
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-be+af -bg+ah
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bdg-bch -be+af a+bx —f __bh
-be+af -bg+ah

be-af) (h+a—fbg;—ﬁ)

]

- || (bdg-bch) EllipticE[ArcSin|
b(-fg+eh)

(-bc+ad) (-fg+eh)
(—be+a-F) (_d8+ch)} /((bc-ad) <bg_ah)> _

(be-af) (h+ P& - an
d E1lipticF [ArcSin| abx__abx. ],
-bc+ad b(-fg+eh)
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(-bc+ad) (—Fg+eh)} /

(-be+af) (-dg+ch)

f 1
~Tear tx (d+bc_ad (_F+be—a-F) [h+bg—ah B
_f L, _h a+bx a+bx a+bx
-be+af -bg+ah

d 1 f 1
2acC 7—bc+ad+a+bx 7—be+a~F+a+bx (7 h + 1
_—d h - f h -bg+ah a+bx
-bc+ad -bg+ah -be+af -bg+ah
—be+af) [-h- b&E , 2N _b d) (- f h
EllipticF [ArcSin| ( ) (=05 am) },( crad) (-fereh) /
b(-fg+eh) (-be+af) (-dg+ch)

h 1
" bgaah  abx (d+bc—ad [1:ere—a1c (h+bg—ah )

f ___h a+bx a+bx a+bx
-be+af -bg+ah

£ h -4 2

C (_bg+ah> (_ + ] -bc+ad  a+bx
-be+af -bg+ah _—d

-bc+ad -bg+ah

(7—b:+af+a+tx)(7—bh+ah+a+::)x) —ng+beh
- S EllipticPi[- ————,

(_ £ _h ) (-be+af)h
-be+af -bg+ah
b h
Arcsin[ 7be+a'F) <fhfa—+bg;+af?) ], (—bc+ad) (—fg+eh)} /
b(-fg+eh) (-be+af) (-dg+ch)

bc-ad be-af
)(‘F+

bg-ah
[h+7g 2
a+bx

a+bx

h (d+
a+bx

Problem 35: Result more than twice size of optimal antiderivative.

A+ Cx2
J dx
(a+bx)5/2\/c+dx Ve + fx \/g+hX

Optimal (type 4, 1070 leaves, 8 steps):
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3(bc-ad) (be-af) (bg-ah) (a+bx)*?
(4b<Ab3 (deg+cfg+ceh)+a’C(dfg+deh+cfh)+a’b(3Adfh-2C(deg+cfg+ceh))-
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Result (type 4, 11160 leaves):
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- +
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Summary of Integration Test Results

35 integration problems

A - 2 optimal antiderivatives

B - 18 more than twice size of optimal antiderivatives
C - 15 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



