
Mathematica 11.3 Integration Test Results

Test results for the 35 problems in "1.1.1.7 P(x) (a+b x)^m (c+d x)^n 
(e+f x)^p (g+h x)^q.m"

Problem 1: Result unnecessarily involves complex numbers and more than 
twice size of optimal antiderivative.



a + b x2 (A + B x)

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 700 leaves, 9 steps) :
1

15 d2 f2 h2
2 b 7 a B d f h + b 5 A d f h - 4 B d f g + d e h + c f h c + d x e + f x g + h x +

2 b B a + b x c + d x e + f x g + h x

5 d f h
+

2 -d e + c f 15 a2 B d2 f2 h2 + 10 a b d f h 3 A d f h - 2 B d f g + d e h + c f h -

b2 10 A d f h d f g + d e h + c f h -

B 8 c2 f2 h2 + 7 c d f h f g + e h + d2 8 f2 g2 + 7 e f g h + 8 e2 h2

d e + f x

d e - c f
g + h x EllipticEArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

15 d3 f5/2 h3 e + f x
d g + h x

d g - c h
-

1

15 d3 f5/2 h3 e + f x g + h x

2 -d e + c f

15 a2 d2 f2 h2 B g - A h + 10 a b d f h 3 A d f g h - B c h f g - e h + d g 2 f g + e h -

b2 5 A d f h c h f g - e h + d g 2 f g + e h -

B 4 c2 f h2 f g - e h + c d h 3 f2 g2 + e f g h - 4 e2 h2 + d2 g 8 f2 g2 + 3 e f g h + 4 e2 h2

d e + f x

d e - c f

d g + h x

d g - c h
EllipticFArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h


Result (type 4, 12443 leaves) :

c + d x e + f x
2 b -4 b B d f g - 4 b B d e h - 4 b B c f h + 5 A b d f h + 10 a B d f h

15 d2 f2 h2
+
2 b2 B x

5 d f h



g + h x +
1

15 d4 f2 h2

1

f h e +
(c+d x) f-

c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

2 8 b2 B d2 f2 g2 + 7 b2 B d2 e f g h + 7 b2 B c d f2 g h - 10 A b2 d2 f2 g h - 20 a b B d2 f2 g h +

8 b2 B d2 e2 h2 + 7 b2 B c d e f h2 - 10 A b2 d2 e f h2 - 20 a b B d2 e f h2 + 8 b2 B c2 f2 h2 -

10 A b2 c d f2 h2 - 20 a b B c d f2 h2 + 30 a A b d2 f2 h2 + 15 a2 B d2 f2 h2 c + d x3/2

f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
-

1

f h e +
(c+d x) f-

c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

2 c + d x f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x

8 ⅈ b2 B d4 e f2 g3 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 8 ⅈ b2 B c d3

f3 g3 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+ 7 ⅈ b2 B d4 e2

f g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 8 ⅈ b2 B c d3

e f2 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ A b2 d4 e f2 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

20 ⅈ a b B d4 e f2 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

ⅈ b2 B c2 d2 f3 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

10 ⅈ A b2 c d3 f3 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

20 ⅈ a b B c d3 f3 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+
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8 ⅈ b2 B d4 e3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

8 ⅈ b2 B c d3 e2 f g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ A b2 d4 e2 f g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

20 ⅈ a b B d4 e2 f g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

ⅈ b2 B c2 d2 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

10 ⅈ A b2 c d3 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

20 ⅈ a b B c d3 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+
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30 ⅈ a A b d4 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

15 ⅈ a2 B d4 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

ⅈ b2 B c3 d f3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,
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f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

30 ⅈ a A b c d3 f3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

15 ⅈ a2 B c d3 f3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

8 ⅈ b2 B c d3 e3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

ⅈ b2 B c2 d2 e2 f h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

10 ⅈ A b2 c d3 e2 f h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

20 ⅈ a b B c d3 e2 f h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

ⅈ b2 B c3 d e f2 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-
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30 ⅈ a A b c d3 e f2 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

15 ⅈ a2 B c d3 e f2 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

8 ⅈ b2 B c4 f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,
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f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ A b2 c3 d f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

20 ⅈ a b B c3 d f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

30 ⅈ a A b c2 d2 f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

15 ⅈ a2 B c2 d2 f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-
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4 ⅈ b2 B d3 e f2 g2 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

4 ⅈ b2 B c d2 f3 g2 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

4 ⅈ b2 B d3 e2 f g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

16     Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)^m (c+d x)^n (e+f x)^p (g+h x)^q.nb



ⅈ b2 B c d2 e f2 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

5 ⅈ A b2 d3 e f2 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

10 ⅈ a b B d3 e f2 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+
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3 ⅈ b2 B c2 d f3 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

5 ⅈ A b2 c d2 f3 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ a b B c d2 f3 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+
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4 ⅈ b2 B c d2 e2 f h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

3 ⅈ b2 B c2 d e f2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

5 ⅈ A b2 c d2 e f2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-
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10 ⅈ a b B c d2 e f2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+ 8 ⅈ b2 B c3 f3 h3 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 10 ⅈ A b2 c2 d f3 h3 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 20 ⅈ a b B c2 d f3 h3 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+
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30 ⅈ a A b c d2 f3 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

15 ⅈ a2 B c d2 f3 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

15 ⅈ a2 A d3 f3 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
  -

-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x

Problem 2: Result unnecessarily involves imaginary or complex numbers.



a + b x (A + B x)

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 405 leaves, 8 steps) :
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2 b B c + d x e + f x g + h x

3 d f h
+

2 -d e + c f 3 a B d f h + b 3 A d f h - 2 B d f g + d e h + c f h
d e + f x

d e - c f
g + h x

EllipticEArcSin
f c + d x

-d e + c f
,

d e - c f h

f d g - c h
  3 d2 f3/2 h2 e + f x

d g + h x

d g - c h
-

2 -d e + c f 3 a d f h B g - A h + b 3 A d f g h - B c h f g - e h + d g 2 f g + e h

d e + f x

d e - c f

d g + h x

d g - c h
EllipticFArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

3 d2 f3/2 h2 e + f x g + h x 

Result (type 4, 450 leaves) :

1

3 d3 f2 h2 e + f x g + h x
c + d x 2 b B d2 f h e + f x g + h x -

1

c + d x

2 d2 -3 A b d f h - 3 a B d f h + 2 b B d f g + d e h + c f h e + f x g + h x +
1

-c + d e

f

2 ⅈ d e - c f h 3 A b d f h + 3 a B d f h - 2 b B d f g + d e h + c f h c + d x
d e + f x

f c + d x

d g + h x

h c + d x
EllipticEⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h
 +

1

-c + d e

f

2 ⅈ d h 3 a d f -B e + A f h + b -3 A d e f h + B c f -f g + e h + B d e f g + 2 e h

c + d x
d e + f x

f c + d x

d g + h x

h c + d x
EllipticFⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h

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Problem 3: Result unnecessarily involves imaginary or complex numbers.



A + B x

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 284 leaves, 6 steps) :

2 B -d e + c f
d e + f x

d e - c f
g + h x EllipticEArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

d f h e + f x
d g + h x

d g - c h
- 2 -d e + c f B g - A h

d e + f x

d e - c f

d g + h x

d g - c h

EllipticFArcSin
f c + d x

-d e + c f
,

d e - c f h

f d g - c h
  d f h e + f x g + h x 

Result (type 4, 319 leaves) :

- 2 -B d2 -c +
d e

f
e + f x g + h x - ⅈ B d e - c f h c + d x3/2

d e + f x

f c + d x

d g + h x

h c + d x

EllipticEⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h
 + ⅈ d B e - A f h c + d x3/2

d e + f x

f c + d x

d g + h x

h c + d x
EllipticFⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h
 

d2 -c +
d e

f
f h c + d x e + f x g + h x

Problem 4: Result unnecessarily involves imaginary or complex numbers.



A + B x

a + b x c + d x e + f x g + h x
ⅆx

Optimal (type 4, 313 leaves, 9 steps) :
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2 B -d e + c f
d e + f x

d e - c f

d g + h x

d g - c h
EllipticFArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

b d f e + f x g + h x  -

2 A -
a B

b
-d e + c f

d e + f x

d e - c f

d g + h x

d g - c h
EllipticPi-

b d e - c f

b c - a d f
,

ArcSin
f c + d x

-d e + c f
,

d e - c f h

f d g - c h
  b c - a d f e + f x g + h x 

Result (type 4, 244 leaves) :

2 ⅈ e + f x
d g + h x

h c + d x
b -B c + A d EllipticFⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h
 +

-A b + a B d EllipticPi
b c - a d f

b -d e + c f
, ⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h
 

b -b c + a d -c +
d e

f
f

d e + f x

f c + d x
g + h x

Problem 5: Result unnecessarily involves complex numbers and more than 
twice size of optimal antiderivative.



A + B x

a + b x2 c + d x e + f x g + h x
ⅆx

Optimal (type 4, 678 leaves, 12 steps) :
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-
b A b - a B c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
+ A b - a B f -d e + c f

d e + f x

d e - c f
g + h x EllipticEArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

b c - a d b e - a f b g - a h e + f x
d g + h x

d g - c h
-

A b - a B f -d e + c f
d e + f x

d e - c f

d g + h x

d g - c h

EllipticFArcSin
f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

b b c - a d b e - a f e + f x g + h x  +

-d e + c f 3 a2 A b d f h - a3 B d f h - b3 2 B c e g - A d e g + c f g + c e h +

a b2 B d e g + c f g + c e h - 2 A d f g + d e h + c f h
d e + f x

d e - c f

d g + h x

d g - c h
EllipticPi-

b d e - c f

b c - a d f
, ArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

b b c - a d2 f b e - a f b g - a h e + f x g + h x 

Result (type 4, 14516 leaves) :

-
b A b - a B c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
-

1

d -b c + a d -b e + a f -b g + a h

A b - a B c + d x3/2 f +
d e

c+d x
-

c f

c+d x
 h +

d g

c+d x
-

c h

c+d x


e +
(c+d x) f-

c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

+

c + d x -b +
b c

c + d x
-

a d

c + d x
f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
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 f h +
d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x

b c - a d h -2 b B e g + A b f g + a B f g + A b e h + a B e h - 2 a A f h 

-b g + a h f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
-

A b - a B d e - c f h +
d g

c+d x
-

c h

c+d x

f +
d e

c+d x
-

c f

c+d x

+

2 b3 B c e g - A b3 d e g - a b2 B d e g - A b3 c f g - a b2 B c f g + 2 a A b2 d f g -

A b3 c e h - a b2 B c e h + 2 a A b2 d e h + 2 a A b2 c f h - 3 a2 A b d f h + a3 B d f h

h +
d g

c + d x
-

c h

c + d x
 -b g + a h b -

b c

c + d x
+

a d

c + d x
f +

d e

c + d x
-

c f

c + d x

ⅈ A b d2 e f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b c - a d -d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
- ⅈ a B d2 e f g 1 -

-d e + c f

f c + d x
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1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 -

EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -d e + c f

-
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ A b c d f2 g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b c - a d -d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
+ ⅈ a B c d f2 g 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 -

EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -d e + c f
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-
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ A b c d e f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b c - a d -d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
+ ⅈ a B c d e f h 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 -

EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -d e + c f

-
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ A b c2 f2 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,
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-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b c - a d -d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
- ⅈ a B c2 f2 h 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 -

EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -d e + c f

-
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ A b2 d2 e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+
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ⅈ a b B d2 e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

2 ⅈ b B d e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ A b2 c d f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-
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ⅈ a b B c d f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

2 ⅈ A b d f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ A b2 c d e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-
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ⅈ a b B c d e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

2 ⅈ A b d e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ A b2 c2 f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+
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ⅈ a b B c2 f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

2 ⅈ A b c f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

2 ⅈ a B c f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+
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2 ⅈ a A d f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

1

b c - a d3

A b3 d2 e g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3
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a b2 B d2 e g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d2

2 b2 B d e g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-
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ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3

A b3 c d f g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+
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1

b c - a d3
a b2 B c d f g ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d2

2 A b2 d f g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +
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d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3
A b3 c d e h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 
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b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d3

a b2 B c d e h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d2
2 A b2 d e h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi
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b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d3

A b3 c2 f h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-
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ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3
a b2 B c2 f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+
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c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d2

2 A b2 c f h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d2
2 a b B c f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 
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-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d2

2 a A b d f h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,
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ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d
A b f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d
a B f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,
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ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x


A b f h - a B f h +
A b d2 e g

c + d x2
-

a B d2 e g

c + d x2
-
A b c d f g

c + d x2
+
a B c d f g

c + d x2
-
A b c d e h

c + d x2
+

a B c d e h

c + d x2
+

A b c2 f h

c + d x2
-

a B c2 f h

c + d x2
-
2 b B d e g

c + d x
+

2 A b d f g

c + d x
+
2 A b d e h

c + d x
-
2 A b c f h

c + d x
+

2 a B c f h

c + d x
-
2 a A d f h

c + d x

e +

c + d x f - c f

c+d x


d
g +

c + d x h - c h

c+d x


d

Problem 6: Result more than twice size of optimal antiderivative.
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

a + b x3/2 (A + B x)

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 981 leaves, 10 steps) :
1

4 d f2 h2 c + d x
5 a B d f h + b 4 A d f h - 3 B d f g + d e h + c f h a + b x e + f x g + h x +

b B a + b x c + d x e + f x g + h x

2 d f h
-

d g - c h f g - e h 5 a B d f h + b 4 A d f h - 3 B d f g + d e h + c f h a + b x

-
d e - c f g + h x

f g - e h c + d x
EllipticEArcSin

d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

4 d2 f2 h2
d e - c f a + b x

b e - a f c + d x
g + h x -

b e - a f b g - a h 3 a B d f h + b 4 A d f h - B c f h + 3 d f g + e h
b e - a f c + d x

d e - c f a + b x

g + h x EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

4 b d f2 h2 f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x
+

1

4 b d2 b c - a d f2 h3 c + d x e + f x

-d g + c h 4 d f h 2 a 2 A b + a B d f h - b B b d e g + c f g + c e h + a d f g + d e h + c f h -

a d f h + b d f g + d e h + c f h 5 a B d f h + b 4 A d f h - 3 B d f g + d e h + c f h

a + b x
b g - a h c + d x

d g - c h a + b x

b g - a h e + f x

f g - e h a + b x

EllipticPi-
b d g - c h

b c - a d h
, ArcSin

b c - a d g + h x

-d g + c h a + b x
,

b e - a f d g - c h

b c - a d f g - e h


Result (type 4, 21555 leaves) : Display of huge result suppressed!

Problem 7: Result more than twice size of optimal antiderivative.



a + b x (A + B x)

c + d x e + f x g + h x
ⅆx
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Optimal (type 4, 736 leaves, 7 steps) :

B a + b x e + f x g + h x

f h c + d x
- B d g - c h f g - e h a + b x -

d e - c f g + h x

f g - e h c + d x

EllipticEArcSin
d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

d f h
d e - c f a + b x

b e - a f c + d x
g + h x - B b e - a f b g - a h

b e - a f c + d x

d e - c f a + b x

g + h x EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

b f h f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x
+

-d g + c h 2 A b d f h + B a d f h - b d f g + d e h + c f h a + b x
b g - a h c + d x

d g - c h a + b x

b g - a h e + f x

f g - e h a + b x
EllipticPi-

b d g - c h

b c - a d h
, ArcSin

b c - a d g + h x

-d g + c h a + b x
,

b e - a f d g - c h

b c - a d f g - e h
  b d b c - a d f h2 c + d x e + f x 

Result (type 4, 6648 leaves) :

-
1

d2
2 - B c + d x3/2 f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
a +

c + d x b - b c

c+d x


d


2 f h e +

c + d x f - c f

c+d x


d
g +

c + d x h - c h

c+d x


d
+

d b g - a h d g - c h B f g + B e h - 2 A f h c + d x

 b -
b c

c + d x
+

a d

c + d x
f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
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a +

c + d x b - b c

c+d x


d
d e -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

c f -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 
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-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

f
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x


2 f h2 f g - e h b -
b c

c + d x
+

a d

c + d x
e +

c + d x f - c f

c+d x


d

g +

c + d x h - c h

c+d x


d
-

d b e - a f d e - c f B f g + B e h - 2 A f h c + d x

 b -
b c

c + d x
+

a d

c + d x
f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x

a +

c + d x b - b c

c+d x


d

d g -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h
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-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

c h -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

h
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x
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EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x


2 f2 h f g - e h b -
b c

c + d x
+

a d

c + d x
e +

c + d x f - c f

c+d x


d

g +

c + d x h - c h

c+d x


d
-

1

2 f2 h2 b -
b c

c+d x
+

a d

c+d x
 e +

(c+d x) f-
c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

b B d f g + b B d e h + b B c f h - 2 A b d f h - a B d f h

c + d x

 b -
b c

c + d x
+

a d

c + d x
f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x

a +

c + d x b - b c

c+d x


d

d2 e g -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF
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ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

c d f g -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

c d e h -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,
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b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

c2 f h -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

d f g
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 
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-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

d e h
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

2 c f h
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

f -d g + c h -
f

-d e + c f
+

h

-d g + c h

-
b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-

-
f

-d e+c f
+

1

c+d x
 -

h

-d g+c h
+

1

c+d x


-
f

-d e+c f
+

h

-d g+c h

2

EllipticPi-
-d f g + d e h

-d e + c f h
,

ArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 
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b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x

Problem 9: Result more than twice size of optimal antiderivative.



A + B x

a + b x3/2 c + d x e + f x g + h x
ⅆx

Optimal (type 4, 606 leaves, 7 steps) :

2 A b - a B d a + b x e + f x g + h x

b c - a d b e - a f b g - a h c + d x
-
2 b A b - a B c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
-

2 A b - a B d g - c h f g - e h a + b x -
d e - c f g + h x

f g - e h c + d x

EllipticEArcSin
d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

b c - a d b e - a f b g - a h
d e - c f a + b x

b e - a f c + d x
g + h x +

2 B c - A d
b e - a f c + d x

d e - c f a + b x
g + h x

EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

b c - a d b g - a h f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x

Result (type 4, 1749 leaves) :

-
2 b A b - a B c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
+

1

b2 -b c + a d -b e + a f -b g + a h

- 2 A b - a B a + b x5/2 d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x

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c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b
-

1

c +
(a+b x) d-

a d

a+b x


b
e +

(a+b x) f-
a f

a+b x


b
g +

(a+b x) h-
a h

a+b x


b

2 b c - a d b e - a f

b g - a h a + b x3/2  d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x

- A b
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

a B
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,
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-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

B
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x

Problem 10: Result more than twice size of optimal antiderivative.



A + B x

a + b x5/2 c + d x e + f x g + h x
ⅆx

Optimal (type 4, 1081 leaves, 8 steps) :
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2 d 3 a3 B d f h + b3 3 B c e g - 2 A d e g + c f g + c e h - a b2

B d e g + c f g + c e h - 4 A d f g + d e h + c f h - a2 b 6 A d f h + B d f g + d e h + c f h

a + b x e + f x g + h x   3 b c - a d2 b e - a f2 b g - a h2 c + d x  -

2 b A b - a B c + d x e + f x g + h x

3 b c - a d b e - a f b g - a h a + b x3/2
-

2 b 3 a3 B d f h + b3 3 B c e g - 2 A d e g + c f g + c e h - a b2

B d e g + c f g + c e h - 4 A d f g + d e h + c f h - a2 b 6 A d f h + B d f g + d e h + c f h

c + d x e + f x g + h x   3 b c - a d2 b e - a f2 b g - a h2 a + b x  -

2 d g - c h f g - e h 3 a3 B d f h + b3 3 B c e g - 2 A d e g + c f g + c e h -

a b2 B d e g + c f g + c e h - 4 A d f g + d e h + c f h -

a2 b 6 A d f h + B d f g + d e h + c f h a + b x -
d e - c f g + h x

f g - e h c + d x

EllipticEArcSin
d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

3 b c - a d2 b e - a f2 b g - a h2
d e - c f a + b x

b e - a f c + d x
g + h x -

2 3 a2 d B c - A d f h + b2 3 B c d e g - A 2 d2 e g - c2 f h + c d f g + e h +

a b 3 A d2 f g + e h - B d2 e g + c2 f h + 2 c d f g + e h
b e - a f c + d x

d e - c f a + b x

g + h x EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

3 b c - a d2 b e - a f b g - a h3/2 f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x

Result (type 4, 10637 leaves) :

a + b x c + d x e + f x g + h x

-
2 b A b - a B

3 b c - a d b e - a f b g - a h a + b x2
- 2 b 3 b3 B c e g - 2 A b3 d e g - a b2 B d e g -

2 A b3 c f g - a b2 B c f g + 4 a A b2 d f g - a2 b B d f g - 2 A b3 c e h - a b2 B c e h +

4 a A b2 d e h - a2 b B d e h + 4 a A b2 c f h - a2 b B c f h - 6 a2 A b d f h + 3 a3 B d f h 
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3 b c - a d2 b e - a f2 b g - a h2 a + b x +

1

3 b2 -b c + a d2 -b e + a f2 -b g + a h2

2 3 b3 B c e g - 2 A b3 d e g - a b2 B d e g - 2 A b3 c f g - a b2 B c f g +

4 a A b2 d f g - a2 b B d f g - 2 A b3 c e h - a b2 B c e h + 4 a A b2 d e h -

a2 b B d e h + 4 a A b2 c f h - a2 b B c f h - 6 a2 A b d f h + 3 a3 B d f h

a + b x5/2 d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x


c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b
+

1

c +
(a+b x) d-

a d

a+b x


b
e +

(a+b x) f-
a f

a+b x


b
g +

(a+b x) h-
a h

a+b x


b

b c - a d b e - a f

b g - a h a + b x3/2  d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x

- 3 b3 B c e g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 A b3 d e g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

a b2 B d e g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin
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b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 A b3 c f g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

a b2 B c f g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

4 a A b2 d f g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
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a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

3 a2 B d f h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x

Problem 11: Result more than twice size of optimal antiderivative.
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

a + b x3/2 d e + c f + 2 d f x

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 898 leaves, 10 steps) :

5 a d f h - b 3 d f g + d e h + c f h a + b x e + f x g + h x

2 f h2 c + d x
+

b a + b x c + d x e + f x g + h x

h
-

d g - c h f g - e h 5 a d f h - b 3 d f g + d e h + c f h a + b x -
d e - c f g + h x

f g - e h c + d x

EllipticEArcSin
d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

2 d f h2
d e - c f a + b x

b e - a f c + d x
g + h x -

b e - a f b g - a h 3 a d f h + b c f h - d 3 f g + e h
b e - a f c + d x

d e - c f a + b x

g + h x EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

2 b f h2 f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x
-

-d g + c h 6 a b d2 f2 g h - 3 a2 d2 f2 h2 + b2 2 c d e f h2 - c2 f2 h2 - d2 3 f2 g2 + e2 h2

a + b x
b g - a h c + d x

d g - c h a + b x

b g - a h e + f x

f g - e h a + b x

EllipticPi-
b d g - c h

b c - a d h
, ArcSin

b c - a d g + h x

-d g + c h a + b x
,

b e - a f d g - c h

b c - a d f g - e h
 

2 b d b c - a d f h3 c + d x e + f x 

Result (type 4, 14853 leaves) :

b a + b x c + d x e + f x g + h x

h
+
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1

b2 h
-3 b d f g - b d e h - b c f h + 5 a d f h a + b x5/2 d +

b c

a + b x
-

a d

a + b x

f +
b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x


2 d f h c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b
+

1  2 d f h c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b

a + b x3/2  d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x
3 b4 c d e f

g2
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
- 3 a b3 d2 e f

g2
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h
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- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

3 a b3 c d f2 g2
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

3 a2 b2 d2 f2 g2
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
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-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

b4 c d e2 g h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-
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a b3 d2 e2 g h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

b4 c2 e f g h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

10 a b3 c d e f g h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

9 a2 b2 d2 e f g h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
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d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

a b3 c2 f2 g h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
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,
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-
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1

-b c + a d
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 
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h +

b g - a h

a + b x
-

2 a b2 c d e f h2
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 a2 b d2 e f h2
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 a2 b c d f2 h2
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a3 d2 f2 h2
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

6 a b d2 f2 g -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

3 b2 d2 f2 g2 -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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h d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

b2 d2 e2 h -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 b2 c d e f h -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

b2 c2 f2 h -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,
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ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

3 a2 d2 f2 h -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x

Problem 12: Result more than twice size of optimal antiderivative.



a + b x d e + c f + 2 d f x

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 472 leaves, 5 steps) :
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2 b c + d x e + f x g + h x

h a + b x
-

2 b g - a h f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x
EllipticEArcSin

b g - a h e + f x

f g - e h a + b x
,

-
b c - a d f g - e h

d e - c f b g - a h
  h

b e - a f c + d x

d e - c f a + b x
g + h x -

2 d b g - a h3/2
f g - e h a + b x

b g - a h e + f x

f g - e h c + d x

d g - c h e + f x
e + f x EllipticPi

f b g - a h

b e - a f h
,

ArcSin
b e - a f g + h x

b g - a h e + f x
,

d e - c f b g - a h

b e - a f d g - c h
   b e - a f h2 a + b x c + d x 

Result (type 4, 6583 leaves) :

-
1

d
2 - c + d x3/2 f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
a +

c + d x b - b c

c+d x


d


h e +

c + d x f - c f

c+d x


d
g +

c + d x h - c h

c+d x


d
- f b g - a h d g - c h2

c + d x  b -
b c

c + d x
+

a d

c + d x
f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x

a +

c + d x b - b c

c+d x


d
d e -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF
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ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

c f -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

f
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x

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h2 -f g + e h b -
b c

c + d x
+

a d

c + d x
e +

c + d x f - c f

c+d x


d

g +

c + d x h - c h

c+d x


d
+

b e - a f d e - c f d g - c h c + d x

 b -
b c

c + d x
+

a d

c + d x
f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x

a +

c + d x b - b c

c+d x


d

d g -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-
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c h -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

h
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x


h -f g + e h b -
b c

c + d x
+

a d

c + d x
e +

c + d x f - c f

c+d x


d

g +

c + d x h - c h

c+d x


d
-
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1

h2 b -
b c

c+d x
+

a d

c+d x
 e +

(c+d x) f-
c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

d

b g - a h

c + d x

 b -
b c

c + d x
+

a d

c + d x
f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x

a +

c + d x b - b c

c+d x


d

d2 e g -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

c d f g -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h
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-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

c d e h -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

c2 f h -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h
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-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

d f g
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

d e h
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-
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2 c f h
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

f -d g + c h -
f

-d e + c f
+

h

-d g + c h

-
b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-

-
f

-d e+c f
+

1

c+d x
 -

h

-d g+c h
+

1

c+d x


-
f

-d e+c f
+

h

-d g+c h

2

EllipticPi-
-d f g + d e h

-d e + c f h
,

ArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x

Problem 13: Result more than twice size of optimal antiderivative.



d e + c f + 2 d f x

a + b x c + d x e + f x g + h x
ⅆx

Optimal (type 4, 449 leaves, 5 steps) :
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2 b d e + b c f - 2 a d f
b e - a f c + d x

d e - c f a + b x
g + h x

EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

b b g - a h f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x
+

4 d f -d g + c h a + b x
b g - a h c + d x

d g - c h a + b x

b g - a h e + f x

f g - e h a + b x

EllipticPi-
b d g - c h

b c - a d h
, ArcSin

b c - a d g + h x

-d g + c h a + b x
,

b e - a f d g - c h

b c - a d f g - e h
 

b b c - a d h c + d x e + f x 

Result (type 4, 1529 leaves) :
1

b2 c +
(a+b x) d-

a d

a+b x


b
e +

(a+b x) f-
a f

a+b x


b
g +

(a+b x) h-
a h

a+b x


b

2 a + b x3/2 d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x

- b d e
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

b c f
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x
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EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 a d f
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 d f -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

h d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x

Problem 14: Result more than twice size of optimal antiderivative.



d e + c f + 2 d f x

a + b x3/2 c + d x e + f x g + h x
ⅆx

Optimal (type 4, 625 leaves, 7 steps) :
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2 d b d e + b c f - 2 a d f a + b x e + f x g + h x

b c - a d b e - a f b g - a h c + d x
-

2 b b d e + b c f - 2 a d f c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
-

2 b d e + b c f - 2 a d f d g - c h f g - e h a + b x -
d e - c f g + h x

f g - e h c + d x

EllipticEArcSin
d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

b c - a d b e - a f b g - a h
d e - c f a + b x

b e - a f c + d x
g + h x -

2 d d e - c f
b e - a f c + d x

d e - c f a + b x
g + h x

EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

b c - a d b g - a h f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x

Result (type 4, 2236 leaves) :

-
2 b b d e + b c f - 2 a d f c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
+

1

b2 -b c + a d -b e + a f -b g + a h
2 -b d e - b c f + 2 a d f a + b x5/2

d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x


c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b
-

1

c +
(a+b x) d-

a d

a+b x


b
e +

(a+b x) f-
a f

a+b x


b
g +

(a+b x) h-
a h

a+b x


b

b c - a d b e - a f
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b g - a h a + b x3/2  d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x

- b d e
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

b c f
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,
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-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 a d f
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 d f
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
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Problem 15: Result more than twice size of optimal antiderivative.



d e + c f + 2 d f x

a + b x5/2 c + d x e + f x g + h x
ⅆx

Optimal (type 4, 1090 leaves, 8 steps) :

4 d 3 a3 d2 f2 h - a2 b d f d f g + 4 d e h + 4 c f h - b3 d2 e2 g - c d e f g - e h + c2 f f g + e h +

a b2 2 c2 f2 h + d2 e f g + 2 e h + c d f f g + 3 e h a + b x e + f x g + h x  

3 b c - a d2 b e - a f2 b g - a h2 c + d x  -

2 b b d e + b c f - 2 a d f c + d x e + f x g + h x

3 b c - a d b e - a f b g - a h a + b x3/2
-

4 b 3 a3 d2 f2 h - a2 b d f d f g + 4 d e h + 4 c f h - b3 d2 e2 g - c d e f g - e h + c2 f f g + e h +

a b2 2 c2 f2 h + d2 e f g + 2 e h + c d f f g + 3 e h c + d x e + f x g + h x  

3 b c - a d2 b e - a f2 b g - a h2 a + b x  - 4 d g - c h f g - e h

3 a3 d2 f2 h - a2 b d f d f g + 4 d e h + 4 c f h - b3 d2 e2 g - c d e f g - e h + c2 f f g + e h +

a b2 2 c2 f2 h + d2 e f g + 2 e h + c d f f g + 3 e h a + b x -
d e - c f g + h x

f g - e h c + d x

EllipticEArcSin
d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

3 b c - a d2 b e - a f2 b g - a h2
d e - c f a + b x

b e - a f c + d x
g + h x +

2 d e - c f 3 a2 d2 f h - a b d d f g + 3 d e h + 2 c f h + b2 2 d2 e g - c d f g + c d e h + c2 f h

b e - a f c + d x

d e - c f a + b x
g + h x

EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

3 b c - a d2 b e - a f b g - a h3/2 f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x

Result (type 4, 10601 leaves) :

a + b x c + d x e + f x g + h x

-
2 b b d e + b c f - 2 a d f

3 b c - a d b e - a f b g - a h a + b x2
+ 4 b b3 d2 e2 g - b3 c d e f g - a b2 d2 e f g +
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b3 c2 f2 g - a b2 c d f2 g + a2 b d2 f2 g + b3 c d e2 h - 2 a b2 d2 e2 h + b3 c2 e f h -

3 a b2 c d e f h + 4 a2 b d2 e f h - 2 a b2 c2 f2 h + 4 a2 b c d f2 h - 3 a3 d2 f2 h 

3 b c - a d2 b e - a f2 b g - a h2 a + b x +

1

3 b2 -b c + a d2 -b e + a f2 -b g + a h2

2

- 2 b3 d2 e2 g - b3 c d e f g - a b2 d2 e f g + b3 c2 f2 g - a b2 c d f2 g + a2 b d2 f2 g + b3 c d e2 h - 2 a b2

d2 e2 h + b3 c2 e f h - 3 a b2 c d e f h + 4 a2 b d2 e f h - 2 a b2 c2 f2 h + 4 a2 b c d f2 h - 3 a3 d2

f2 h a + b x5/2 d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x


c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b
+

1

c +
(a+b x) d-

a d

a+b x


b
e +

(a+b x) f-
a f

a+b x


b
g +

(a+b x) h-
a h

a+b x


b

b c - a d b e - a f

b g - a h a + b x3/2  d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x

2 b3 d2 e2 g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin
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b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 b3 c d e f g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a b2 d2 e f g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 b3 c2 f2 g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a b2 c d f2 g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE
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ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h
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b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

b2 c2 f2 h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x
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EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

5 a b c d f2 h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

6 a2 d2 f2 h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x

Problem 16: Result unnecessarily involves complex numbers and more than 
twice size of optimal antiderivative.



a + b x a b B - a2 C + b2 B x + b2 C x2

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 721 leaves, 8 steps) :
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1

15 d2 f2 h2
2 b2 5 b B d f h + 2 C a d f h - 2 b d f g + d e h + c f h c + d x e + f x g + h x +

2 b2 C a + b x c + d x e + f x g + h x

5 d f h
-

2 b -d e + c f 15 a2 C d2 f2 h2 - 10 a b d f h 3 B d f h - C d f g + d e h + c f h +

b2 10 B d f h d f g + d e h + c f h -

C 8 c2 f2 h2 + 7 c d f h f g + e h + d2 8 f2 g2 + 7 e f g h + 8 e2 h2

d e + f x

d e - c f
g + h x EllipticEArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

15 d3 f5/2 h3 e + f x
d g + h x

d g - c h
-

1

15 d3 f5/2 h3 e + f x g + h x

2 -d e + c f 15 a3 C d2 f2 h3 - 15 a2 b d2 f2 h2 C g + B h +

5 a b2 d f h 6 B d f g h - C c h f g - e h + d g 2 f g + e h -

b3 5 B d f h c h f g - e h + d g 2 f g + e h -

C 4 c2 f h2 f g - e h + c d h 3 f2 g2 + e f g h - 4 e2 h2 + d2 g 8 f2 g2 + 3 e f g h + 4 e2 h2

d e + f x

d e - c f

d g + h x

d g - c h
EllipticFArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h


Result (type 4, 12665 leaves) :

c + d x e + f x

2 b2 -4 b C d f g - 4 b C d e h - 4 b c C f h + 5 b B d f h + 5 a C d f h

15 d2 f2 h2
+
2 b3 C x

5 d f h
g + h x +

1

15 d4 f2 h2
2 -

1

f h e +
(c+d x) f-

c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

b -8 b2 C d2 f2 g2 - 7 b2 C d2 e f g h -

7 b2 c C d f2 g h + 10 b2 B d2 f2 g h + 10 a b C d2 f2 g h - 8 b2 C d2 e2 h2 - 7 b2 c C d e f h2 +

10 b2 B d2 e f h2 + 10 a b C d2 e f h2 - 8 b2 c2 C f2 h2 + 10 b2 B c d f2 h2 + 10 a b c C d f2 h2 -

30 a b B d2 f2 h2 + 15 a2 C d2 f2 h2 c + d x3/2 f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
-

1

f h e +
(c+d x) f-

c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

c + d x
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f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
8 ⅈ b3 C d4 e f2 g3 h 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 8 ⅈ b3 c C d3

f3 g3 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+ 7 ⅈ b3 C d4

e2 f g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)^m (c+d x)^n (e+f x)^p (g+h x)^q.nb     113



f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

8 ⅈ b3 c C d3 e f2 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ b3 B d4 e f2 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ a b2 C d4 e f2 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

ⅈ b3 c2 C d2 f3 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+
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10 ⅈ b3 B c d3 f3 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

10 ⅈ a b2 c C d3 f3 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

8 ⅈ b3 C d4 e3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

8 ⅈ b3 c C d3 e2 f g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ b3 B d4 e2 f g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)^m (c+d x)^n (e+f x)^p (g+h x)^q.nb     117



EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ a b2 C d4 e2 f g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

ⅈ b3 c2 C d2 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

10 ⅈ b3 B c d3 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

10 ⅈ a b2 c C d3 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+
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30 ⅈ a b2 B d4 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

15 ⅈ a2 b C d4 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

ⅈ b3 c3 C d f3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

30 ⅈ a b2 B c d3 f3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

15 ⅈ a2 b c C d3 f3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

8 ⅈ b3 c C d3 e3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

ⅈ b3 c2 C d2 e2 f h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

10 ⅈ b3 B c d3 e2 f h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

10 ⅈ a b2 c C d3 e2 f h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)^m (c+d x)^n (e+f x)^p (g+h x)^q.nb     123



ⅈ b3 c3 C d e f2 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

30 ⅈ a b2 B c d3 e f2 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

15 ⅈ a2 b c C d3 e f2 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

8 ⅈ b3 c4 C f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ b3 B c3 d f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ a b2 c3 C d f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

30 ⅈ a b2 B c2 d2 f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-
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15 ⅈ a2 b c2 C d2 f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

4 ⅈ b3 C d3 e f2 g2 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

4 ⅈ b3 c C d2 f3 g2 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

4 ⅈ b3 C d3 e2 f g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

ⅈ b3 c C d2 e f2 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

5 ⅈ b3 B d3 e f2 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+
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5 ⅈ a b2 C d3 e f2 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

3 ⅈ b3 c2 C d f3 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

5 ⅈ b3 B c d2 f3 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-
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5 ⅈ a b2 c C d2 f3 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

4 ⅈ b3 c C d2 e2 f h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

3 ⅈ b3 c2 C d e f2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-
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5 ⅈ b3 B c d2 e f2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

5 ⅈ a b2 c C d2 e f2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

8 ⅈ b3 c3 C f3 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 10 ⅈ b3 B c2 d f3 h3 1 -

-d e + c f

f c + d x
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1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ a b2 c2 C d f3 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

30 ⅈ a b2 B c d2 f3 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

15 ⅈ a2 b c C d2 f3 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

15 ⅈ a2 b B d3 f3 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

15 ⅈ a3 C d3 f3 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x

Problem 17: Result unnecessarily involves imaginary or complex numbers.



a b B - a2 C + b2 B x + b2 C x2

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 410 leaves, 7 steps) :
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2 b2 C c + d x e + f x g + h x

3 d f h
+

2 b2 -d e + c f 3 B d f h - 2 C d f g + d e h + c f h
d e + f x

d e - c f
g + h x

EllipticEArcSin
f c + d x

-d e + c f
,

d e - c f h

f d g - c h
  3 d2 f3/2 h2 e + f x

d g + h x

d g - c h
+

2 -d e + c f 3 a b B d f h2 - 3 a2 C d f h2 - b2 3 B d f g h - C c h f g - e h + d g 2 f g + e h

d e + f x

d e - c f

d g + h x

d g - c h
EllipticFArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

3 d2 f3/2 h2 e + f x g + h x 

Result (type 4, 569 leaves) :
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2 b2 C c + d x e + f x g + h x

3 d f h
+

1

3 d3 -c + d e

f
f2 h2 e +

(c+d x) f-
c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

c + d x3/2 -2 b2 -c +
d e

f

-3 B d f h + 2 C d f g + d e h + c f h f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
-

1

c + d x

2 ⅈ b2 -d e + c f h 3 B d f h - 2 C d f g + d e h + c f h 1 -
c

c + d x
+

d e

f c + d x

1 -
c

c + d x
+

d g

h c + d x
EllipticEⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h
 +

1

c + d x

2 ⅈ d h 3 a b B d f2 h - 3 a2 C d f2 h + b2 -3 B d e f h + c C f -f g + e h + C d e f g + 2 e h

1 -
c

c + d x
+

d e

f c + d x
1 -

c

c + d x
+

d g

h c + d x

EllipticFⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h


Problem 18: Result unnecessarily involves imaginary or complex numbers.



a b B - a2 C + b2 B x + b2 C x2

a + b x c + d x e + f x g + h x
ⅆx

Optimal (type 4, 291 leaves, 7 steps) :
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2 b C -d e + c f
d e + f x

d e - c f
g + h x EllipticEArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

d f h e + f x
d g + h x

d g - c h
-

2 -d e + c f b C g - b B h + a C h
d e + f x

d e - c f

d g + h x

d g - c h

EllipticFArcSin
f c + d x

-d e + c f
,

d e - c f h

f d g - c h
  d f h e + f x g + h x 

Result (type 4, 326 leaves) :

2 b C d2 -c +
d e

f
e + f x g + h x + ⅈ b C d e - c f h c + d x3/2

d e + f x

f c + d x

d g + h x

h c + d x

EllipticEⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h
 - ⅈ d b C e - b B f + a C f h c + d x3/2

d e + f x

f c + d x

d g + h x

h c + d x
EllipticFⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h
 

d2 -c +
d e

f
f h c + d x e + f x g + h x

Problem 19: Result unnecessarily involves imaginary or complex numbers.



a b B - a2 C + b2 B x + b2 C x2

a + b x2 c + d x e + f x g + h x
ⅆx

Optimal (type 4, 309 leaves, 10 steps) :

136     Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)^m (c+d x)^n (e+f x)^p (g+h x)^q.nb



2 C -d e + c f
d e + f x

d e - c f

d g + h x

d g - c h
EllipticFArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

d f e + f x g + h x  -

2 b B - 2 a C -d e + c f
d e + f x

d e - c f

d g + h x

d g - c h
EllipticPi-

b d e - c f

b c - a d f
,

ArcSin
f c + d x

-d e + c f
,

d e - c f h

f d g - c h
  b c - a d f e + f x g + h x 

Result (type 4, 248 leaves) :

2 ⅈ e + f x
d g + h x

h c + d x

-b c C - b B d + a C d EllipticFⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h
 +

-b B + 2 a C d EllipticPi
b c - a d f

b -d e + c f
, ⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h
 

-b c + a d -c +
d e

f
f

d e + f x

f c + d x
g + h x

Problem 20: Result unnecessarily involves complex numbers and more than 
twice size of optimal antiderivative.



a b B - a2 C + b2 B x + b2 C x2

a + b x3 c + d x e + f x g + h x
ⅆx

Optimal (type 4, 680 leaves, 13 steps) :
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-
b2 b B - 2 a C c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
+ b b B - 2 a C f -d e + c f

d e + f x

d e - c f
g + h x EllipticEArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

b c - a d b e - a f b g - a h e + f x
d g + h x

d g - c h
-

b B - 2 a C f -d e + c f
d e + f x

d e - c f

d g + h x

d g - c h
EllipticF

ArcSin
f c + d x

-d e + c f
,

d e - c f h

f d g - c h
  b c - a d b e - a f e + f x g + h x  -

-d e + c f 4 a3 C d f h + 2 a b2 B d f g + d e h + c f h - b3 B d e g - c 2 C e g - B f g - B e h -

a2 b 3 B d f h + 2 C d f g + d e h + c f h
d e + f x

d e - c f

d g + h x

d g - c h

EllipticPi-
b d e - c f

b c - a d f
, ArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

b c - a d2 f b e - a f b g - a h e + f x g + h x 

Result (type 4, 16821 leaves) :

-
b2 b B - 2 a C c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
-

1

d -b c + a d -b e + a f -b g + a h

b b B - 2 a C c + d x3/2 f +
d e

c+d x
-

c f

c+d x
 h +

d g

c+d x
-

c h

c+d x


e +
(c+d x) f-

c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

+

c + d x -b +
b c

c + d x
-

a d

c + d x
f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
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 f h +
d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x

b c - a d h -2 b2 C e g + b2 B f g + b2 B e h - 2 a b B f h + 2 a2 C f h 

-b g + a h f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
-

b b B - 2 a C d e - c f h +
d g

c+d x
-

c h

c+d x

f +
d e

c+d x
-

c f

c+d x

+

b 2 b3 c C e g - b3 B d e g - b3 B c f g + 2 a b2 B d f g - 2 a2 b C d f g - b3 B c e h +

2 a b2 B d e h - 2 a2 b C d e h + 2 a b2 B c f h - 2 a2 b c C f h - 3 a2 b B d f h + 4 a3 C d f h

h +
d g

c + d x
-

c h

c + d x
 -b g + a h b -

b c

c + d x
+

a d

c + d x
f +

d e

c + d x
-

c f

c + d x

ⅈ b2 B d2 e f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b c - a d -d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
- 2 ⅈ a b C d2 e f g 1 -

-d e + c f

f c + d x
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1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 -

EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -d e + c f

-
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ b2 B c d f2 g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b c - a d -d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
+ 2 ⅈ a b c C d f2 g 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 -

EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -d e + c f
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-
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ b2 B c d e f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b c - a d -d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
+ 2 ⅈ a b c C d e f h 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 -

EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -d e + c f

-
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ b2 B c2 f2 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,
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-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b c - a d -d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
- 2 ⅈ a b c2 C f2 h 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 -

EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -d e + c f

-
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ b3 B d2 e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+
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2 ⅈ a b2 C d2 e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

2 ⅈ b2 C d e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ b3 B c d f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-
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2 ⅈ a b2 c C d f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

2 ⅈ b2 B d f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

2 ⅈ a b C d f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

144     Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)^m (c+d x)^n (e+f x)^p (g+h x)^q.nb



ⅈ b3 B c d e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

2 ⅈ a b2 c C d e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

2 ⅈ b2 B d e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+
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2 ⅈ a b C d e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ b3 B c2 f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

2 ⅈ a b2 c2 C f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+
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2 ⅈ b2 B c f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

4 ⅈ a b c C f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

2 ⅈ a b B d f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-
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2 ⅈ a2 C d f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

1

b c - a d3

b4 B d2 e g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3
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2 a b3 C d2 e g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d2

2 b3 C d e g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-
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ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3
b4 B c d f g ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+
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c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d3

2 a b3 c C d f g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d2
2 b3 B d f g ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 
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-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d2

2 a b2 C d f g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,
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ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3
b4 B c d e h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d3
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2 a b3 c C d e h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d2
2 b3 B d e h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+
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d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d2

2 a b2 C d e h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +
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d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d3
b4 B c2 f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3

2 a b3 c2 C f h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,
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ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d2
2 b3 B c f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d2

4 a b2 c C f h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-
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1

b c - a d2
2 a b2 B d f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d2

2 a2 b C d f h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +
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d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d
b2 B f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +
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d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d
2 a b C f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x


b2 B f h - 2 a b C f h +
b2 B d2 e g

c + d x2
-
2 a b C d2 e g

c + d x2
-
b2 B c d f g

c + d x2
+
2 a b c C d f g

c + d x2
-

b2 B c d e h

c + d x2
+
2 a b c C d e h

c + d x2
+
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b2 B c2 f h

c + d x2
-
2 a b c2 C f h

c + d x2
-

2 b2 C d e g

c + d x
+
2 b2 B d f g

c + d x
-
2 a b C d f g

c + d x
+

2 b2 B d e h

c + d x
-
2 a b C d e h

c + d x
-

2 b2 B c f h

c + d x
+
4 a b c C f h

c + d x
-

2 a b B d f h

c + d x
+
2 a2 C d f h

c + d x

e +

c + d x f - c f

c+d x


d
g +

c + d x h - c h

c+d x


d

Problem 21: Result more than twice size of optimal antiderivative.



a + b x a b B - a2 C + b2 B x + b2 C x2

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 980 leaves, 9 steps) :
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1

4 d f2 h2 c + d x
b 4 b B d f h + C a d f h - 3 b d f g + d e h + c f h a + b x e + f x g + h x +

b2 C a + b x c + d x e + f x g + h x

2 d f h
-

b d g - c h f g - e h 4 b B d f h + C a d f h - 3 b d f g + d e h + c f h a + b x

-
d e - c f g + h x

f g - e h c + d x
EllipticEArcSin

d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

4 d2 f2 h2
d e - c f a + b x

b e - a f c + d x
g + h x +

b e - a f b g - a h a C d f h - b 4 B d f h - C 3 d f g + 3 d e h + c f h
b e - a f c + d x

d e - c f a + b x

g + h x EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

4 d f2 h2 f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x
-

1

4 d2 b c - a d f2 h3 c + d x e + f x

-d g + c h a d f h + b d f g + d e h + c f h 4 b B d f h + C a d f h - 3 b d f g + d e h + c f h +

4 d f h 2 a2 C d f h + b2 C d e g + c f g + c e h - a b 4 B d f h - C d f g + d e h + c f h

a + b x
b g - a h c + d x

d g - c h a + b x

b g - a h e + f x

f g - e h a + b x

EllipticPi-
b d g - c h

b c - a d h
, ArcSin

b c - a d g + h x

-d g + c h a + b x
,

b e - a f d g - c h

b c - a d f g - e h


Result (type 4, 21555 leaves) : Display of huge result suppressed!

Problem 22: Result more than twice size of optimal antiderivative.



a b B - a2 C + b2 B x + b2 C x2

a + b x c + d x e + f x g + h x
ⅆx

Optimal (type 4, 734 leaves, 8 steps) :
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b C a + b x e + f x g + h x

f h c + d x
- b C d g - c h f g - e h a + b x -

d e - c f g + h x

f g - e h c + d x

EllipticEArcSin
d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

d f h
d e - c f a + b x

b e - a f c + d x
g + h x - C b e - a f b g - a h

b e - a f c + d x

d e - c f a + b x

g + h x EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

f h f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x
-

-d g + c h a C d f h - b 2 B d f h - C d f g + d e h + c f h a + b x
b g - a h c + d x

d g - c h a + b x

b g - a h e + f x

f g - e h a + b x
EllipticPi-

b d g - c h

b c - a d h
, ArcSin

b c - a d g + h x

-d g + c h a + b x
,

b e - a f d g - c h

b c - a d f g - e h
  d b c - a d f h2 c + d x e + f x 

Result (type 4, 6667 leaves) :

1

d2
2 b C c + d x3/2 f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
a +

c + d x b - b c

c+d x


d


2 f h e +

c + d x f - c f

c+d x


d
g +

c + d x h - c h

c+d x


d
-

d b g - a h d g - c h b C f g + b C e h - 2 b B f h + 2 a C f h c + d x  b -
b c

c + d x
+

a d

c + d x

f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
a +

c + d x b - b c

c+d x


d
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d e -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h
-

f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
- c f

-

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h
-

f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

f
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x
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EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x


2 f h2 f g - e h b -
b c

c + d x
+

a d

c + d x
e +

c + d x f - c f

c+d x


d

g +

c + d x h - c h

c+d x


d
+

d b e - a f d e - c f b C f g + b C e h - 2 b B f h + 2 a C f h c + d x

 b -
b c

c + d x
+

a d

c + d x
f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x

a +

c + d x b - b c

c+d x


d

d g -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h
-

f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 
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-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
- c h

-

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h
-

f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d
b EllipticF

ArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

h
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x


2 f2 h f g - e h b -
b c

c + d x
+

a d

c + d x
e +

c + d x f - c f

c+d x


d

g +

c + d x h - c h

c+d x


d
+
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1

2 f2 h2 b -
b c

c+d x
+

a d

c+d x
 e +

(c+d x) f-
c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

b

b C d f g + b C d e h + b c C f h - 2 b B d f h + a C d f h

c + d x

 b -
b c

c + d x
+

a d

c + d x
f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x

a +

c + d x b - b c

c+d x


d

d2 e g -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d

b EllipticFArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

c d f g -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

168     Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)^m (c+d x)^n (e+f x)^p (g+h x)^q.nb



-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d

b EllipticFArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

c d e h -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h

-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d

b EllipticFArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

c2 f h -

b c - a d -d g + c h -
b

b c-a d
+

1

c+d x


-b d g + a d h
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-
f

-d e + c f
+

1

c + d x

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

-b d g + a d h EllipticEArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
  b c - a d -d g + c h -

1

b c - a d

b EllipticFArcSin
d e - c f h +

d g

c+d x
-

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

d f g
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

d e h
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-
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2 c f h
-

b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-
f

-d e+c f
+

1

c+d x

-
f

-d e+c f
+

h

-d g+c h

-
h

-d g + c h
+

1

c + d x

EllipticFArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

-
h

-d g+c h
+

1

c+d x

f

-d e+c f
-

h

-d g+c h

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

f -d g + c h -
f

-d e + c f
+

h

-d g + c h

-
b

b c-a d
+

1

c+d x

-
b

b c-a d
+

h

-d g+c h

-

-
f

-d e+c f
+

1

c+d x
 -

h

-d g+c h
+

1

c+d x


-
f

-d e+c f
+

h

-d g+c h

2

EllipticPi-
-d f g + d e h

-d e + c f h
,

ArcSin
-d e + c f -h - d g

c+d x
+

c h

c+d x


d -f g + e h
,

b c - a d -f g + e h

-d e + c f -b g + a h
 

b +
-b c + a d

c + d x
f +

d e - c f

c + d x
h +

d g - c h

c + d x

Problem 24: Result more than twice size of optimal antiderivative.



a b B - a2 C + b2 B x + b2 C x2

a + b x5/2 c + d x e + f x g + h x
ⅆx

Optimal (type 4, 616 leaves, 8 steps) :
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2 b b B - 2 a C d a + b x e + f x g + h x

b c - a d b e - a f b g - a h c + d x
-
2 b2 b B - 2 a C c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
-

2 b b B - 2 a C d g - c h f g - e h a + b x -
d e - c f g + h x

f g - e h c + d x

EllipticEArcSin
d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

b c - a d b e - a f b g - a h
d e - c f a + b x

b e - a f c + d x
g + h x +

2 b c C - b B d + a C d
b e - a f c + d x

d e - c f a + b x
g + h x

EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

b c - a d b g - a h f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x

Result (type 4, 1753 leaves) :

-
2 b2 b B - 2 a C c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
+

1

b -b c + a d -b e + a f -b g + a h

2 -b B + 2 a C a + b x5/2 d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x


c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b
-

1

c +
(a+b x) d-

a d

a+b x


b
e +

(a+b x) f-
a f

a+b x


b
g +

(a+b x) h-
a h

a+b x


b

b c - a d b e - a f

b g - a h a + b x3/2  d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x
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- b B
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 a C
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

C
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x

Problem 25: Result more than twice size of optimal antiderivative.



a b B - a2 C + b2 B x + b2 C x2

a + b x7/2 c + d x e + f x g + h x
ⅆx

Optimal (type 4, 1128 leaves, 9 steps) :
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2 b d 9 a3 C d f h - b3 2 B d e g - c 3 C e g - 2 B f g - 2 B e h + a b2

C d e g + c f g + c e h + 4 B d f g + d e h + c f h - a2 b 6 B d f h + 5 C d f g + d e h + c f h

a + b x e + f x g + h x   3 b c - a d2 b e - a f2 b g - a h2 c + d x  -

2 b2 b B - 2 a C c + d x e + f x g + h x

3 b c - a d b e - a f b g - a h a + b x3/2
-

2 b2 9 a3 C d f h - b3 2 B d e g - c 3 C e g - 2 B f g - 2 B e h + a b2

C d e g + c f g + c e h + 4 B d f g + d e h + c f h - a2 b 6 B d f h + 5 C d f g + d e h + c f h

c + d x e + f x g + h x   3 b c - a d2 b e - a f2 b g - a h2 a + b x  -

2 b d g - c h f g - e h 9 a3 C d f h - b3 2 B d e g - c 3 C e g - 2 B f g - 2 B e h +

a b2 C d e g + c f g + c e h + 4 B d f g + d e h + c f h -

a2 b 6 B d f h + 5 C d f g + d e h + c f h a + b x -
d e - c f g + h x

f g - e h c + d x

EllipticEArcSin
d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

3 b c - a d2 b e - a f2 b g - a h2
d e - c f a + b x

b e - a f c + d x
g + h x -

2 3 a3 C d2 f h - b3 2 B d2 e g - B c2 f h - c d 3 C e g - B f g - B e h -

3 a2 b d B d f h + C d f g + d e h - c f h +

a b2 3 B d2 f g + e h + C d2 e g - c d f g - c d e h - 2 c2 f h
b e - a f c + d x

d e - c f a + b x

g + h x EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

3 b c - a d2 b e - a f b g - a h3/2 f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x

Result (type 4, 10645 leaves) :

a + b x c + d x e + f x g + h x

-
2 b2 b B - 2 a C

3 b c - a d b e - a f b g - a h a + b x2
- 2 b2 3 b3 c C e g - 2 b3 B d e g + a b2 C d e g -

2 b3 B c f g + a b2 c C f g + 4 a b2 B d f g - 5 a2 b C d f g - 2 b3 B c e h + a b2 c C e h +

4 a b2 B d e h - 5 a2 b C d e h + 4 a b2 B c f h - 5 a2 b c C f h - 6 a2 b B d f h + 9 a3 C d f h 
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3 b c - a d2 b e - a f2 b g - a h2 a + b x -

1

3 b -b c + a d2 -b e + a f2 -b g + a h2

2 -3 b3 c C e g + 2 b3 B d e g - a b2 C d e g + 2 b3 B c f g - a b2 c C f g -

4 a b2 B d f g + 5 a2 b C d f g + 2 b3 B c e h - a b2 c C e h - 4 a b2 B d e h +

5 a2 b C d e h - 4 a b2 B c f h + 5 a2 b c C f h + 6 a2 b B d f h - 9 a3 C d f h

a + b x5/2 d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x


c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b
-

1

c +
(a+b x) d-

a d

a+b x


b
e +

(a+b x) f-
a f

a+b x


b
g +

(a+b x) h-
a h

a+b x


b

b c - a d b e - a f

b g - a h a + b x3/2  d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x

- 3 b3 c C e g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 b3 B d e g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

a b2 C d e g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin
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b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 b3 B c f g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

a b2 c C f g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

4 a b2 B d f g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

5 a2 b C d f g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE
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ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 b3 B c e h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

a b2 c C e h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x
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-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

4 a b2 B d e h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+
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5 a2 b C d e h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

4 a b2 B c f h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

5 a2 b c C f h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

6 a2 b B d f h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin
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b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

9 a3 C d f h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

b2 B d f g
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-
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2 a b C d f g
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

b2 B d e h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a b C d e h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

b2 B c f h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a b c C f h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

3 a b B d f h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

6 a2 C d f h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x

Problem 26: Result unnecessarily involves complex numbers and more than 
twice size of optimal antiderivative.
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

a + b x2 A + C x2

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 1097 leaves, 9 steps) :
1

105 d3 f3 h3
2 4 C 2 a d f h - 3 b d f g + d e h + c f h a d f h - 2 b d f g + d e h + c f h +

5 b d f h 7 A b d f h - C 5 b d e g + c f g + c e h + 2 a d f g + d e h + c f h

c + d x e + f x g + h x +
1

35 d2 f2 h2
4 C 2 a d f h - 3 b d f g + d e h + c f h

a + b x c + d x e + f x g + h x +
2 C a + b x2 c + d x e + f x g + h x

7 d f h
-

1

105 d4 f7/2 h4 e + f x d (g+h x)

d g-c h

4 -d e + c f 35 a2 C d2 f2 h2 d f g + d e h + c f h -

7 a b d f h 15 A d2 f2 h2 + C 8 c2 f2 h2 + 7 c d f h f g + e h + d2 8 f2 g2 + 7 e f g h + 8 e2 h2 +

b2 35 A d2 f2 h2 d f g + d e h + c f h + 2 C 12 c3 f3 h3 + 10 c2 d f2 h2 f g + e h +

c d2 f h 10 f2 g2 + 9 e f g h + 10 e2 h2 + 2 d3 6 f3 g3 + 5 e f2 g2 h + 5 e2 f g h2 + 6 e3 h3

d e + f x

d e - c f
g + h x EllipticEArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 +

1

105 d4 f7/2 h4 e + f x g + h x
2 -d e + c f

35 a2 d2 f2 h2 3 A d f h2 + C c h f g - e h + d g 2 f g + e h - 14 a b d f h 15 A d2 f2 g h2 +

C 4 c2 f h2 f g - e h + c d h 3 f2 g2 + e f g h - 4 e2 h2 + d2 g 8 f2 g2 + 3 e f g h + 4 e2 h2 +

b2 35 A d2 f2 h2 c h f g - e h + d g 2 f g + e h + C 24 c3 f2 h3 f g - e h +

c2 d f h2 17 f2 g2 + 6 e f g h - 23 e2 h2 + 2 c d2 h 8 f3 g3 + e f2 g2 h + 3 e2 f g h2 - 12 e3 h3 +

d3 g 48 f3 g3 + 16 e f2 g2 h + 17 e2 f g h2 + 24 e3 h3

d e + f x

d e - c f

d g + h x

d g - c h
EllipticFArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h


Result (type 4, 18383 leaves) :

c + d x e + f x g + h x

1

105 d3 f3 h3
2 24 b2 C d2 f2 g2 + 23 b2 C d2 e f g h + 23 b2 c C d f2 g h - 56 a b C d2 f2 g h +

24 b2 C d2 e2 h2 + 23 b2 c C d e f h2 - 56 a b C d2 e f h2 +

24 b2 c2 C f2 h2 - 56 a b c C d f2 h2 + 35 A b2 d2 f2 h2 + 35 a2 C d2 f2 h2 -

4 b C 3 b d f g + 3 b d e h + 3 b c f h - 7 a d f h x

35 d2 f2 h2
+
2 b2 C x2

7 d f h
+

1

105 d5 f3 h3

1

f h e +
(c+d x) f-

c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d
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4 -24 b2 C d3 f3 g3 - 20 b2 C d3 e f2 g2 h - 20 b2 c C d2 f3 g2 h + 56 a b C d3 f3 g2 h - 20 b2 C d3 e2 f g

h2 - 18 b2 c C d2 e f2 g h2 + 49 a b C d3 e f2 g h2 - 20 b2 c2 C d f3 g h2 + 49 a b c C d2 f3 g h2 -

35 A b2 d3 f3 g h2 - 35 a2 C d3 f3 g h2 - 24 b2 C d3 e3 h3 - 20 b2 c C d2 e2 f h3 + 56 a b C d3 e2 f h3 -

20 b2 c2 C d e f2 h3 + 49 a b c C d2 e f2 h3 - 35 A b2 d3 e f2 h3 - 35 a2 C d3 e f2 h3 -

24 b2 c3 C f3 h3 + 56 a b c2 C d f3 h3 - 35 A b2 c d2 f3 h3 - 35 a2 c C d2 f3 h3 + 105 a A b d3 f3 h3

c + d x3/2 f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
+

1

f h e +
(c+d x) f-

c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

2 c + d x

f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
48 ⅈ b2 C d5 e f3 g4 h 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 48 ⅈ b2 c C d4

f4 g4 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+ 40 ⅈ b2 C d5 e2

f2 g3 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 48 ⅈ b2 c C d4

e f3 g3 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 112 ⅈ a b C d5

e f3 g3 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,
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f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+ 8 ⅈ b2 c2 C d3

f4 g3 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

112 ⅈ a b c C d4 f4 g3 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+
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40 ⅈ b2 C d5 e3 f g2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

44 ⅈ b2 c C d4 e2 f2 g2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

98 ⅈ a b C d5 e2 f2 g2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

4 ⅈ b2 c2 C d3 e f3 g2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

112 ⅈ a b c C d4 e f3 g2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

70 ⅈ A b2 d5 e f3 g2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

70 ⅈ a2 C d5 e f3 g2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

14 ⅈ a b c2 C d3 f4 g2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

70 ⅈ A b2 c d4 f4 g2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-
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70 ⅈ a2 c C d4 f4 g2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

48 ⅈ b2 C d5 e4 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

48 ⅈ b2 c C d4 e3 f g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

112 ⅈ a b C d5 e3 f g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

4 ⅈ b2 c2 C d3 e2 f2 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

112 ⅈ a b c C d4 e2 f2 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

70 ⅈ A b2 d5 e2 f2 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

70 ⅈ a2 C d5 e2 f2 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

4 ⅈ b2 c3 C d2 e f3 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-
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14 ⅈ a b c2 C d3 e f3 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

70 ⅈ A b2 c d4 e f3 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

70 ⅈ a2 c C d4 e f3 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

210 ⅈ a A b d5 e f3 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

8 ⅈ b2 c4 C d f4 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

14 ⅈ a b c3 C d2 f4 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

210 ⅈ a A b c d4 f4 g h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

48 ⅈ b2 c C d4 e4 h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

8 ⅈ b2 c2 C d3 e3 f h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+
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112 ⅈ a b c C d4 e3 f h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

14 ⅈ a b c2 C d3 e2 f2 h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

70 ⅈ A b2 c d4 e2 f2 h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

70 ⅈ a2 c C d4 e2 f2 h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

8 ⅈ b2 c4 C d e f3 h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

14 ⅈ a b c3 C d2 e f3 h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

210 ⅈ a A b c d4 e f3 h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

48 ⅈ b2 c5 C f4 h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

112 ⅈ a b c4 C d f4 h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

70 ⅈ A b2 c3 d2 f4 h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

70 ⅈ a2 c3 C d2 f4 h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

210 ⅈ a A b c2 d3 f4 h5 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

24 ⅈ b2 C d4 e f3 g3 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

24 ⅈ b2 c C d3 f4 g3 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

23 ⅈ b2 C d4 e2 f2 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

6 ⅈ b2 c C d3 e f3 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

56 ⅈ a b C d4 e f3 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

17 ⅈ b2 c2 C d2 f4 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

56 ⅈ a b c C d3 f4 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

24 ⅈ b2 C d4 e3 f g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

6 ⅈ b2 c C d3 e2 f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

56 ⅈ a b C d4 e2 f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

2 ⅈ b2 c2 C d2 e f3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

14 ⅈ a b c C d3 e f3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

35 ⅈ A b2 d4 e f3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

35 ⅈ a2 C d4 e f3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

16 ⅈ b2 c3 C d f4 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

42 ⅈ a b c2 C d2 f4 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

35 ⅈ A b2 c d3 f4 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

35 ⅈ a2 c C d3 f4 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)^m (c+d x)^n (e+f x)^p (g+h x)^q.nb     213



EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

24 ⅈ b2 c C d3 e3 f h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

17 ⅈ b2 c2 C d2 e2 f2 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

56 ⅈ a b c C d3 e2 f2 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

16 ⅈ b2 c3 C d e f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

42 ⅈ a b c2 C d2 e f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

35 ⅈ A b2 c d3 e f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

35 ⅈ a2 c C d3 e f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

48 ⅈ b2 c4 C f4 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 112 ⅈ a b c3 C d f4 h4 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

70 ⅈ A b2 c2 d2 f4 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

70 ⅈ a2 c2 C d2 f4 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

210 ⅈ a A b c d3 f4 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+
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105 ⅈ a2 A d4 f4 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x

Problem 27: Result unnecessarily involves complex numbers and more than 
twice size of optimal antiderivative.



a + b x A + C x2

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 611 leaves, 8 steps) :
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4 C a d f h - 2 b d f g + d e h + c f h c + d x e + f x g + h x

15 d2 f2 h2
+

2 C a + b x c + d x e + f x g + h x

5 d f h
- 2 -d e + c f 10 a C d f h d f g + d e h + c f h -

b 15 A d2 f2 h2 + C 8 c2 f2 h2 + 7 c d f h f g + e h + d2 8 f2 g2 + 7 e f g h + 8 e2 h2

d e + f x

d e - c f
g + h x EllipticEArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

15 d3 f5/2 h3 e + f x
d g + h x

d g - c h
+

2 -d e + c f 5 a d f h 3 A d f h2 + C c h f g - e h + d g 2 f g + e h - b 15 A d2 f2 g h2 +

C 4 c2 f h2 f g - e h + c d h 3 f2 g2 + e f g h - 4 e2 h2 + d2 g 8 f2 g2 + 3 e f g h + 4 e2 h2

d e + f x

d e - c f

d g + h x

d g - c h
EllipticFArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

15 d3 f5/2 h3 e + f x g + h x 

Result (type 4, 8828 leaves) :

c + d x e + f x
2 C -4 b d f g - 4 b d e h - 4 b c f h + 5 a d f h

15 d2 f2 h2
+
2 b C x

5 d f h
g + h x -

1

15 d4 f2 h2
2 -8 b C d2 f2 g2 - 7 b C d2 e f g h - 7 b c C d f2 g h + 10 a C d2 f2 g h - 8 b C d2 e2 h2 -

7 b c C d e f h2 + 10 a C d2 e f h2 - 8 b c2 C f2 h2 + 10 a c C d f2 h2 - 15 A b d2 f2 h2

c + d x3/2 f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x


f h e +

c + d x f - c f

c+d x


d
g +

c + d x h - c h

c+d x


d
+

1

f h e +
(c+d x) f-

c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d
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c + d x f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x

8 ⅈ b C d4 e f2 g3 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 8 ⅈ b c C d3

f3 g3 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+ 7 ⅈ b C d4 e2

f g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 8 ⅈ b c C d3

e f2 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ a C d4 e f2 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

ⅈ b c2 C d2 f3 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

10 ⅈ a c C d3 f3 g2 h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

8 ⅈ b C d4 e3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

8 ⅈ b c C d3 e2 f g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ a C d4 e2 f g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+
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ⅈ b c2 C d2 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

10 ⅈ a c C d3 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

15 ⅈ A b d4 e f2 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

ⅈ b c3 C d f3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

15 ⅈ A b c d3 f3 g h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

8 ⅈ b c C d3 e3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

ⅈ b c2 C d2 e2 f h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

10 ⅈ a c C d3 e2 f h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

ⅈ b c3 C d e f2 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

15 ⅈ A b c d3 e f2 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)^m (c+d x)^n (e+f x)^p (g+h x)^q.nb     227



-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

8 ⅈ b c4 C f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 - EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

10 ⅈ a c3 C d f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

15 ⅈ A b c2 d2 f3 h4 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticEⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 -

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
-d g + c h f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

4 ⅈ b C d3 e f2 g2 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+ 4 ⅈ b c C d2 f3 g2 h 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

4 ⅈ b C d3 e2 f g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+ ⅈ b c C d2 e f2 g h2 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

5 ⅈ a C d3 e f2 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+ 3 ⅈ b c2 C d f3 g h2 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-
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5 ⅈ a c C d2 f3 g h2 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+ 4 ⅈ b c C d2 e2 f h3 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+

3 ⅈ b c2 C d e f2 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 5 ⅈ a c C d2 e f2 h3 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 
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-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+ 8 ⅈ b c3 C f3 h3 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
- 10 ⅈ a c2 C d f3 h3 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
+ 15 ⅈ A b c d2 f3 h3 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
 

-
-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
-

15 ⅈ a A d3 f3 h3 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticFⅈ ArcSinh

-
-d e+c f

f

c + d x
,

f -d g + c h

-d e + c f h
  -

-d e + c f

f
f +

d e - c f

c + d x
h +

d g - c h

c + d x
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Problem 28: Result unnecessarily involves imaginary or complex numbers.



A + C x2

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 368 leaves, 7 steps) :

2 C c + d x e + f x g + h x

3 d f h
- 4 C -d e + c f d f g + d e h + c f h

d e + f x

d e - c f
g + h x

EllipticEArcSin
f c + d x

-d e + c f
,

d e - c f h

f d g - c h
  3 d2 f3/2 h2 e + f x

d g + h x

d g - c h
+

2 -d e + c f 3 A d f h2 + C c h f g - e h + d g 2 f g + e h
d e + f x

d e - c f

d g + h x

d g - c h

EllipticFArcSin
f c + d x

-d e + c f
,

d e - c f h

f d g - c h
  3 d2 f3/2 h2 e + f x g + h x 

Result (type 4, 390 leaves) :

c + d x 2 C d2 f h e + f x g + h x -
4 C d2 d f g + d e h + c f h e + f x g + h x

c + d x
-

4 ⅈ C -c +
d e

f
f h d f g + d e h + c f h c + d x

d e + f x

f c + d x

d g + h x

h c + d x
EllipticEⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h
 +

1

-c + d e

f

2 ⅈ d h 3 A d f2 h + c C f -f g + e h + C d e f g + 2 e h c + d x
d e + f x

f c + d x

d g + h x

h c + d x

EllipticFⅈ ArcSinh

-c + d e

f

c + d x
,

d f g - c f h

d e h - c f h
  3 d3 f2 h2 e + f x g + h x 
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Problem 29: Result unnecessarily involves complex numbers and more than 
twice size of optimal antiderivative.



A + C x2

a + b x c + d x e + f x g + h x
ⅆx

Optimal (type 4, 465 leaves, 11 steps) :

2 C -d e + c f
d e + f x

d e - c f
g + h x EllipticEArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

b d f h e + f x
d g + h x

d g - c h
- 2 C -d e + c f b g + a h

d e + f x

d e - c f

d g + h x

d g - c h

EllipticFArcSin
f c + d x

-d e + c f
,

d e - c f h

f d g - c h
  b2 d f h e + f x g + h x  -

2 A +
a2 C

b2
-d e + c f

d e + f x

d e - c f

d g + h x

d g - c h
EllipticPi-

b d e - c f

b c - a d f
,

ArcSin
f c + d x

-d e + c f
,

d e - c f h

f d g - c h
  b c - a d f e + f x g + h x 

Result (type 4, 13075 leaves) :

-
1

d2
2 -

C c + d x3/2 f +
d e

c+d x
-

c f

c+d x
 h +

d g

c+d x
-

c h

c+d x


b f h e +
(c+d x) f-

c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

+

c + d x b -
b c

c + d x
+

a d

c + d x
f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x

 f h +
d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x

-
d b C e g + a C f g - a C e h + A b f h

b f b g - a h f +
d e

c+d x
-

c f

c+d x
h +

d g

c+d x
-

c h

c+d x

-
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a C d3 e g h +
d g

c+d x
-

c h

c+d x

b b c - a d f h d g - c h f +
d e

c+d x
-

c f

c+d x

-

c3 C h +
d g

c+d x
-

c h

c+d x

b c - a d -d g + c h f +
d e

c+d x
-

c f

c+d x

+

a c2 C d h +
d g

c+d x
-

c h

c+d x

b b c - a d -d g + c h f +
d e

c+d x
-

c f

c+d x

+

c2 C d e h +
d g

c+d x
-

c h

c+d x

b c - a d f -d g + c h f +
d e

c+d x
-

c f

c+d x

-

a c C d2 e h +
d g

c+d x
-

c h

c+d x

b b c - a d f -d g + c h f +
d e

c+d x
-

c f

c+d x

+

c2 C d g h +
d g

c+d x
-

c h

c+d x

b c - a d h -d g + c h f +
d e

c+d x
-

c f

c+d x

-

a c C d2 g h +
d g

c+d x
-

c h

c+d x

b b c - a d h -d g + c h f +
d e

c+d x
-

c f

c+d x

-

c C d2 e g h +
d g

c+d x
-

c h

c+d x

b c - a d f h -d g + c h f +
d e

c+d x
-

c f

c+d x

+

A b2 + a2 C d h +
d g

c+d x
-

c h

c+d x

b b g - a h b -
b c

c+d x
+

a d

c+d x
 f +

d e

c+d x
-

c f

c+d x

ⅈ C d2 e f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,
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-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
- ⅈ c C d f2 g 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 - EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -d e + c f -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ c C d e f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
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d f g + d e h - 2 c f h

c + d x
+ ⅈ c2 C f2 h 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 - EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -d e + c f -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ b2 c C d2 e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ a b C d3 e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h
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 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ b C d2 e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ b2 c2 C d f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ a b c C d2 f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-
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ⅈ b c C d f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ b2 c2 C d e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ a b c C d2 e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-
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ⅈ b c C d e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ b2 c3 C f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ a b c2 C d f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+
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2 ⅈ b c2 C f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ A b d2 f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

1

b c - a d3
b3 c C d2 e g ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+
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d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3

a b2 C d3 e g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-
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c d f g

c + d x2
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+
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c + d x2
+
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+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d2
b2 C d2 e g ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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b c - a d h

b -d g + c h
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-
-d g+c h

h
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,

-d e + c f h
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 

-
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h
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c + d x2
-

c d f g

c + d x2
-
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c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
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-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3

b3 c2 C d f g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,
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ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+
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c + d x2
+
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+

d e h
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-
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-
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f c + d x
1 -

-d g + c h

h c + d x
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b c - a d h

b -d g + c h
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-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d3
a b2 c C d2 f g ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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b c - a d h

b -d g + c h
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-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+
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c + d x
+

d e h
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-
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c + d x
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1 -

-d g + c h

h c + d x
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EllipticPi
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b -
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-

c d f g

c + d x2
-
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+
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+
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+

d e h
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-
2 c f h
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+

1

b c - a d2
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-d e + c f

f c + d x
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-d g + c h

h c + d x
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b c - a d h

b -d g + c h
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-
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,

-d e + c f h
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  -

-d g + c h

h
 f h +
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c + d x2
-

c d f g

c + d x2
-
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+

c2 f h

c + d x2
+
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+
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-
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-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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b c - a d h

b -d g + c h
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-
-d g+c h

h
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,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+
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c + d x2
+
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+
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-
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c + d x
-
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1

b c - a d3
b3 c2 C d e h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d3

a b2 c C d2 e h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h
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h
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f -d g + c h
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h
 f h +
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d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d2
b2 c C d e h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
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-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 
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b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d3

b3 c3 C f h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,
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-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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b c - a d h

b -d g + c h
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-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-
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c + d x2
-
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c + d x2
+
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c + d x2
+

d f g
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+
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c + d x
-

1

b c - a d3
a b2 c2 C d f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
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 

-
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+
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+
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-
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-
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+
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-
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+
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-
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-

Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)^m (c+d x)^n (e+f x)^p (g+h x)^q.nb     249



ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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b c - a d h

b -d g + c h
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-d g+c h

h
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  b -
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h
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d2 e g
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-
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-
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+
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+
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A b2 d2 f h ⅈ c 1 -
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1 -
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-
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h
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-d e + c f h

f -d g + c h
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-
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c + d x2
-
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-
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+
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+
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+
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-
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- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h
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 
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-

c d f g

c + d x2
-

c d e h

c + d x2
+
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,
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-
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  -

-d g + c h

h
 f h +
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c + d x2
-
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-
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+
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+
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+

d e h

c + d x
-
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-
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EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d

a C d f h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +
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d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x


-b c C f h - a C d f h -
b c C d2 e g

c + d x2
+

a C d3 e g

c + d x2
+
b c2 C d f g

c + d x2
-
a c C d2 f g

c + d x2
+

b c2 C d e h

c + d x2
-
a c C d2 e h

c + d x2
-

b c3 C f h

c + d x2
+

a c2 C d f h

c + d x2
+
b C d2 e g

c + d x
-
b c C d f g

c + d x
-

b c C d e h

c + d x
+
2 b c2 C f h

c + d x
+
A b d2 f h

c + d x

e +

c + d x f - c f

c+d x


d
g +

c + d x h - c h

c+d x


d

Problem 30: Result unnecessarily involves complex numbers and more than 
twice size of optimal antiderivative.



A + C x2

a + b x2 c + d x e + f x g + h x
ⅆx

Optimal (type 4, 738 leaves, 12 steps) :
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-
A b2 + a2 C c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
+ A b +

a2 C

b
f -d e + c f

d e + f x

d e - c f
g + h x EllipticEArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

b c - a d b e - a f b g - a h e + f x
d g + h x

d g - c h
+

-d e + c f a2 C d f - 2 a b C d e + c f + b2 2 c C e - A d f
d e + f x

d e - c f

d g + h x

d g - c h
EllipticFArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

b2 d b c - a d f b e - a f e + f x g + h x  -

-d e + c f a4 C d f h - A b4 d e g + c f g + c e h - 2 a3 b C d f g + d e h + c f h - 2 a b3

2 c C e g - A d f g - A d e h - A c f h - 3 a2 b2 A d f h - C d e g + c f g + c e h
d e + f x

d e - c f

d g + h x

d g - c h
EllipticPi-

b d e - c f

b c - a d f
, ArcSin

f c + d x

-d e + c f
,

d e - c f h

f d g - c h
 

b2 b c - a d2 f b e - a f b g - a h e + f x g + h x 

Result (type 4, 17743 leaves) :

-A b2 - a2 C c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
-

1

d -b c + a d -b e + a f -b g + a h

A b2 + a2 C c + d x3/2 f +
d e

c+d x
-

c f

c+d x
 h +

d g

c+d x
-

c h

c+d x


b e +
(c+d x) f-

c f

c+d x


d
g +

(c+d x) h-
c h

c+d x


d

+

c + d x -b +
b c

c + d x
-

a d

c + d x
f +

d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
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 f h +
d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x

- b c - a d 2 b2 C e g2 - 2 a b C f g2 + A b2 f g h + a2 C f g h + A b2 e h2 - a2 C e h2 -

2 a A b f h2  b b g - a h f +
d e

c + d x
-

c f

c + d x
h +

d g

c + d x
-

c h

c + d x
-

A b2 + a2 C d e - c f h +
d g

c+d x
-

c h

c+d x

b f +
d e

c+d x
-

c f

c+d x

- -4 a b3 c C e g - A b4 d e g + 3 a2 b2 C d e g -

A b4 c f g + 3 a2 b2 c C f g + 2 a A b3 d f g - 2 a3 b C d f g - A b4 c e h + 3 a2 b2 c C e h +

2 a A b3 d e h - 2 a3 b C d e h + 2 a A b3 c f h - 2 a3 b c C f h - 3 a2 A b2 d f h + a4 C d f h

h +
d g

c + d x
-

c h

c + d x
 b b g - a h b -

b c

c + d x
+

a d

c + d x
f +

d e

c + d x
-

c f

c + d x

ⅈ A b2 d2 e f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b c - a d -d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
+ ⅈ a2 C d2 e f g 1 -

-d e + c f

f c + d x
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1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 -

EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -d e + c f

-
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ A b2 c d f2 g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b c - a d -d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
- ⅈ a2 c C d f2 g 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 -

EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -d e + c f
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-
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ A b2 c d e f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b c - a d -d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
- ⅈ a2 c C d e f h 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 -

EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -d e + c f

-
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ A b2 c2 f2 h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,
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-d e + c f h

f -d g + c h
 - EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b c - a d -d e + c f -
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+

d f g + d e h - 2 c f h

c + d x
+ ⅈ a2 c2 C f2 h 1 -

-d e + c f

f c + d x

1 -
-d g + c h

h c + d x
EllipticEⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 -

EllipticFⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -d e + c f

-
-d g + c h

h
 f h +

d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ A b3 d2 e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-
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ⅈ a2 b C d2 e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

2 ⅈ b2 c C e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

2 ⅈ a b C d e g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+
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ⅈ A b3 c d f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ a2 b c C d f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

2 ⅈ a b c C f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-
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2 ⅈ A b2 d f g 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ A b3 c d e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

ⅈ a2 b c C d e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+
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2 ⅈ a b c C e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

2 ⅈ A b2 d e h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-

ⅈ A b3 c2 f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
-
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ⅈ a2 b c2 C f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d2 -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

2 ⅈ A b2 c f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

2 ⅈ a A b d f h 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticF

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b c - a d -

-d g + c h

h

 f h +
d2 e g - c d f g - c d e h + c2 f h

c + d x2
+
d f g + d e h - 2 c f h

c + d x
+

1

b c - a d3
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A b4 d2 e g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d3

a2 b2 C d2 e g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-
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ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d2
2 b3 c C e g ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+
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c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d2

2 a b2 C d e g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d
2 b2 C e g ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +
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d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3
A b4 c d f g ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 
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b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3

a2 b2 c C d f g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d2
2 a b2 c C f g ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi
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b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d2

2 A b3 d f g ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-
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ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d
2 a b C f g ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-
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1

b c - a d3
A b4 c d e h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d3

a2 b2 c C d e h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +
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d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d2
2 a b2 c C e h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 
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b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d2

2 A b3 d e h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d
2 a b C e h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,
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ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d3
A b4 c2 f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
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EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d3

a2 b2 c2 C f h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-
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1

b c - a d2
2 A b3 c f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

-
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
- ⅈ a d 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x

EllipticPi
b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
 

b -
-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d2

2 a A b2 d f h ⅈ c 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +
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d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
+

1

b c - a d
A b2 f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +
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d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

1

b c - a d
a2 C f h ⅈ c 1 -

-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
,

ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x
-

ⅈ a d 1 -
-d e + c f

f c + d x
1 -

-d g + c h

h c + d x
EllipticPi

b c - a d h

b -d g + c h
, ⅈ ArcSinh

-
-d g+c h

h

c + d x
,

-d e + c f h

f -d g + c h
  b -

-d g + c h

h
 f h +

d2 e g

c + d x2
-

c d f g

c + d x2
-

c d e h

c + d x2
+

c2 f h

c + d x2
+

d f g

c + d x
+

d e h

c + d x
-
2 c f h

c + d x


-2 b2 C e g + 2 a b C f g + 2 a b C e h + A b2 f h - a2 C f h +
A b2 d2 e g

c + d x2
+
a2 C d2 e g

c + d x2
-

A b2 c d f g

c + d x2
-
a2 c C d f g

c + d x2
-

A b2 c d e h

c + d x2
-
a2 c C d e h

c + d x2
+
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A b2 c2 f h

c + d x2
+
a2 c2 C f h

c + d x2
+

2 b2 c C e g

c + d x
+
2 a b C d e g

c + d x
-

2 a b c C f g

c + d x
+
2 A b2 d f g

c + d x
-

2 a b c C e h

c + d x
+
2 A b2 d e h

c + d x
-

2 A b2 c f h

c + d x
-
2 a A b d f h

c + d x

e +

c + d x f - c f

c+d x


d
g +

c + d x h - c h

c+d x


d

Problem 31: Result more than twice size of optimal antiderivative.



a + b x3/2 A + C x2

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 1395 leaves, 10 steps) :
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C 3 a d f h - 5 b d f g + d e h + c f h a d f h - 3 b d f g + d e h + c f h +

8 b d f h 3 A b d f h - C 2 b d e g + c f g + c e h + a d f g + d e h + c f h

a + b x e + f x g + h x   24 b d2 f3 h3 c + d x  +
1

12 d2 f2 h2

C 3 a d f h - 5 b d f g + d e h + c f h a + b x c + d x e + f x g + h x +

C a + b x3/2 c + d x e + f x g + h x

3 d f h
-

d g - c h f g - e h C 3 a d f h - 5 b d f g + d e h + c f h a d f h - 3 b d f g + d e h + c f h +

8 b d f h 3 A b d f h - C 2 b d e g + c f g + c e h + a d f g + d e h + c f h a + b x

-
d e - c f g + h x

f g - e h c + d x
EllipticEArcSin

d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

24 b d3 f3 h3
d e - c f a + b x

b e - a f c + d x
g + h x +

b e - a f b g - a h 3 a2 C d2 f2 h2 + 6 a b C d f h c f h + 2 d f g + e h -

b2 24 A d2 f2 h2 + C 5 c2 f2 h2 + 4 c d f h f g + e h + d2 15 f2 g2 + 14 e f g h + 15 e2 h2

b e - a f c + d x

d e - c f a + b x
g + h x EllipticFArcSin

b g - a h e + f x

f g - e h a + b x
,

-
b c - a d f g - e h

d e - c f b g - a h
  24 b2 d2 f3 h3 f g - e h c + d x -

b e - a f g + h x

f g - e h a + b x
-

1

24 b2 d3 b c - a d f3 h4 c + d x e + f x
-d g + c h

4 b d f h C b d e g + c f g + c e h + a d f g + d e h + c f h 3 a d f h - 5 b d f g + d e h + c f h +

2 d f h 3 b2 c C e g + 2 a2 C d f g + d e h + c f h - a b 12 A d f h - 5 C d e g + c f g + c e h +

a d f h + b d f g + d e h + c f h C 3 a d f h - 5 b d f g + d e h + c f h

a d f h - 3 b d f g + d e h + c f h +

8 b d f h 3 A b d f h - C 2 b d e g + c f g + c e h + a d f g + d e h + c f h

a + b x
b g - a h c + d x

d g - c h a + b x

b g - a h e + f x

f g - e h a + b x
EllipticPi-

b d g - c h

b c - a d h
,

ArcSin
b c - a d g + h x

-d g + c h a + b x
,

b e - a f d g - c h

b c - a d f g - e h


Result (type 4, 38310 leaves) : Display of huge result suppressed!
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Problem 32: Result more than twice size of optimal antiderivative.



a + b x A + C x2

c + d x e + f x g + h x
ⅆx

Optimal (type 4, 937 leaves, 9 steps) :

C a d f h - 3 b d f g + d e h + c f h a + b x e + f x g + h x

4 b d f2 h2 c + d x
+

C a + b x c + d x e + f x g + h x

2 d f h
-

C d g - c h f g - e h a d f h - 3 b d f g + d e h + c f h a + b x -
d e - c f g + h x

f g - e h c + d x

EllipticEArcSin
d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

4 b d2 f2 h2
d e - c f a + b x

b e - a f c + d x
g + h x +

C b e - a f b g - a h a d f h + b c f h + 3 d f g + e h
b e - a f c + d x

d e - c f a + b x

g + h x EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

4 b2 d f2 h2 f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x
-

-d g + c h C a d f h - 3 b d f g + d e h + c f h a d f h + b d f g + d e h + c f h -

4 b d f h 2 A b d f h - C b d e g + c f g + c e h + a d f g + d e h + c f h

a + b x
b g - a h c + d x

d g - c h a + b x

b g - a h e + f x

f g - e h a + b x

EllipticPi-
b d g - c h

b c - a d h
, ArcSin

b c - a d g + h x

-d g + c h a + b x
,

b e - a f d g - c h

b c - a d f g - e h
 

4 b2 d2 b c - a d f2 h3 c + d x e + f x 

Result (type 4, 16659 leaves) :
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C a + b x c + d x e + f x g + h x

2 d f h
+

1

2 b3 d f h
C -3 b d f g - 3 b d e h - 3 b c f h + a d f h a + b x5/2

d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x


2 d f h c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b
+

1  2 d f h c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b

a + b x3/2  d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x

3 b4 c C d e f g2
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
- 3 a b3 C d2 e f
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g2
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

3 a b3 c C d f2 g2
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

282     Mathematica 11.3 Integration Test Results for 1.1.1.7 P(x) (a+b x)^m (c+d x)^n (e+f x)^p (g+h x)^q.nb



3 a2 b2 C d2 f2 g2
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

3 b4 c C d e2 g h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

3 a b3 C d2 e2 g h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

3 b4 c2 C e f g h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
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d EllipticFArcSin
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-
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,
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-b e + a f -d g + c h
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-
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,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
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b e - a f h +

b g
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-
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

b -f g + e h
,
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-b e + a f -d g + c h
 
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b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,
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-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
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-
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-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
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+
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-
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b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
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b e - a f h +

b g
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-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1
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-
f

-b e+a f
+

h
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+
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1

a+b x


b d g - b c h

-
f
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+

1
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-
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+

1

a+b x
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h
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- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h
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

b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
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b e - a f h +

b g
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-
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b -f g + e h
,

-b c + a d -f g + e h
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-
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
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h
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-
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- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f
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+

h
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a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-
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b c - a d b g - a h -

d

-b c+a d
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

b d g - b c h
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-
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b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -
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-
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,
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f
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-
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- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+
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-
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3 a b3 c2 C e f h2
b c - a d b g - a h -

d
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+
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
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-
f
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+

1
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-
h
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+
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f

-b e+a f
-

h
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- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
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b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f
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1
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+
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+

7 a2 b2 c C d e f h2
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d
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1
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f
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h

-b g+a h
+
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f
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-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d

d EllipticFArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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-
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h +
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-
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
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,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
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b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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f
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- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
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d EllipticFArcSin
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,
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-b c + a d -f g + e h
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a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 b3 c C d e f g h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a b2 C d2 e f g h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a b2 c C d f2 g h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 a2 b C d2 f2 g h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a b2 c C d e f h2
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 a2 b C d2 e f h2
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 a2 b c C d f2 h2
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x
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EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a3 C d2 f2 h2
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 b2 C d2 e f g -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 b2 c C d f2 g -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,
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ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a b C d2 f2 g -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

3 b2 C d2 f2 g2 -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

h d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

3 b2 C d2 e2 h -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h
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-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 b2 c C d e f h -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a b C d2 e f h -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+
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3 b2 c2 C f2 h -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a b c C d f2 h -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

8 A b2 d2 f2 h -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

a2 C d2 f2 h -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x

Problem 33: Result more than twice size of optimal antiderivative.



A + C x2

a + b x c + d x e + f x g + h x
ⅆx

Optimal (type 4, 757 leaves, 8 steps) :
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C a + b x e + f x g + h x

b f h c + d x
-

C d g - c h f g - e h a + b x -
d e - c f g + h x

f g - e h c + d x
EllipticEArcSin

d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
  b d f h

d e - c f a + b x

b e - a f c + d x
g + h x +

a2 C f h + a b C f g + e h - b2 C e g - 2 A f h
b e - a f c + d x

d e - c f a + b x
g + h x

EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

b2 f h b g - a h f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x
-

C -d g + c h a d f h + b d f g + d e h + c f h a + b x
b g - a h c + d x

d g - c h a + b x

b g - a h e + f x

f g - e h a + b x
EllipticPi-

b d g - c h

b c - a d h
, ArcSin

b c - a d g + h x

-d g + c h a + b x
,

b e - a f d g - c h

b c - a d f g - e h
  b2 d b c - a d f h2 c + d x e + f x 

Result (type 4, 6207 leaves) :

-
1

b3
2 - C a + b x5/2 d +

b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x


2 d f h c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b
+

1  2 d f h c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b

a + b x3/2  d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x
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b3 c C e g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

a b2 C d e g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

a b2 c C f g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

a2 b C d f g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin
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b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

a b2 c C e h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

a2 b C d e h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 
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b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

a2 b c C f h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

a3 C d f h
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE
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ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 A b2 d f h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

2 a2 C d f h
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

b C d e -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h
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-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

b c C f -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

a C d f -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+
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b C d f g -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

h d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x

Problem 34: Result more than twice size of optimal antiderivative.



A + C x2

a + b x3/2 c + d x e + f x g + h x
ⅆx

Optimal (type 4, 867 leaves, 9 steps) :
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2 A b2 + a2 C d a + b x e + f x g + h x

b b c - a d b e - a f b g - a h c + d x
-
2 A b2 + a2 C c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
-

2 A b2 + a2 C d g - c h f g - e h a + b x -
d e - c f g + h x

f g - e h c + d x

EllipticEArcSin
d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

b b c - a d b e - a f b g - a h
d e - c f a + b x

b e - a f c + d x
g + h x -

2 2 a b c C + A b2 d - a2 C d
b e - a f c + d x

d e - c f a + b x
g + h x

EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

b2 b c - a d b g - a h f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x
+

2 C -d g + c h a + b x
b g - a h c + d x

d g - c h a + b x

b g - a h e + f x

f g - e h a + b x
EllipticPi-

b d g - c h

b c - a d h
,

ArcSin
b c - a d g + h x

-d g + c h a + b x
,

b e - a f d g - c h

b c - a d f g - e h
  b2 b c - a d h c + d x e + f x 

Result (type 4, 2103 leaves) :

-
2 A b2 + a2 C c + d x e + f x g + h x

b c - a d b e - a f b g - a h a + b x
+

1

b3 -b c + a d -b e + a f -b g + a h

2 -A b2 - a2 C a + b x5/2 d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x


c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b
+
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1

c +
(a+b x) d-

a d

a+b x


b
e +

(a+b x) f-
a f

a+b x


b
g +

(a+b x) h-
a h

a+b x


b

b c - a d b e - a f

b g - a h a + b x3/2  d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x

A b2
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+

a2 C
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticEArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
  b c - a d b g - a h -

1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,
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-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

2 a C
-

d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

-
h

-b g + a h
+

1

a + b x

EllipticFArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

C -b g + a h -
f

-b e + a f
+

h

-b g + a h

-
d

-b c+a d
+

1

a+b x

-
d

-b c+a d
+

h

-b g+a h

-

-
f

-b e+a f
+

1

a+b x
 -

h

-b g+a h
+

1

a+b x


-
f

-b e+a f
+

h

-b g+a h

2

EllipticPi-
-b f g + b e h

-b e + a f h
,

ArcSin
-b e + a f -h - b g

a+b x
+

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

h d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x

Problem 35: Result more than twice size of optimal antiderivative.



A + C x2

a + b x5/2 c + d x e + f x g + h x
ⅆx

Optimal (type 4, 1070 leaves, 8 steps) :
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-4 d A b3 d e g + c f g + c e h + a3 C d f g + d e h + c f h +

a2 b 3 A d f h - 2 C d e g + c f g + c e h - a b2 2 A d f g + e h - c 3 C e g - 2 A f h

a + b x e + f x g + h x   3 b c - a d2 b e - a f2 b g - a h2 c + d x  -

2 A b2 + a2 C c + d x e + f x g + h x

3 b c - a d b e - a f b g - a h a + b x3/2
+

4 b A b3 d e g + c f g + c e h + a3 C d f g + d e h + c f h + a2 b 3 A d f h - 2 C d e g + c f g + c e h -

a b2 2 A d f g + e h - c 3 C e g - 2 A f h c + d x e + f x g + h x  

3 b c - a d2 b e - a f2 b g - a h2 a + b x  + 4 d g - c h f g - e h

A b3 d e g + c f g + c e h + a3 C d f g + d e h + c f h + a2 b 3 A d f h - 2 C d e g + c f g + c e h -

a b2 2 A d f g + e h - c 3 C e g - 2 A f h a + b x -
d e - c f g + h x

f g - e h c + d x

EllipticEArcSin
d g - c h e + f x

f g - e h c + d x
,

b c - a d f g - e h

b e - a f d g - c h
 

3 b c - a d2 b e - a f2 b g - a h2
d e - c f a + b x

b e - a f c + d x
g + h x -

2 3 a b c2 C + A d2 f g + e h - b2 2 A d2 e g + A c d f g + e h + c2 3 C e g - A f h -

a2 3 A d2 f h - C d2 e g - c d f g - c d e h - 2 c2 f h
b e - a f c + d x

d e - c f a + b x

g + h x EllipticFArcSin
b g - a h e + f x

f g - e h a + b x
, -

b c - a d f g - e h

d e - c f b g - a h
 

3 b c - a d2 b e - a f b g - a h3/2 f g - e h c + d x -
b e - a f g + h x

f g - e h a + b x

Result (type 4, 11160 leaves) :

a + b x c + d x e + f x g + h x -
2 A b2 + a2 C

3 b c - a d b e - a f b g - a h a + b x2
+

4 b 3 a b2 c C e g + A b3 d e g - 2 a2 b C d e g + A b3 c f g - 2 a2 b c C f g - 2 a A b2 d f g + a3 C d f g +

A b3 c e h - 2 a2 b c C e h - 2 a A b2 d e h + a3 C d e h - 2 a A b2 c f h + a3 c C f h + 3 a2 A b d f h 

3 b c - a d2 b e - a f2 b g - a h2 a + b x +
1

3 b2 -b c + a d2 -b e + a f2 -b g + a h2
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2 - 2 3 a b2 c C e g + A b3 d e g - 2 a2 b C d e g + A b3 c f g - 2 a2 b c C f g - 2 a A b2 d f g + a3 C d f g + A

b3 c e h - 2 a2 b c C e h - 2 a A b2 d e h + a3 C d e h - 2 a A b2 c f h + a3 c C f h + 3 a2 A b d f h

a + b x5/2 d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x


c +

a + b x d - a d

a+b x


b
e +

a + b x f - a f

a+b x


b
g +

a + b x h - a h

a+b x


b
+

1

c +
(a+b x) d-

a d

a+b x


b
e +

(a+b x) f-
a f

a+b x


b
g +

(a+b x) h-
a h

a+b x


b

b c - a d b e - a f

b g - a h a + b x3/2  d +
b c

a + b x
-

a d

a + b x
f +

b e

a + b x
-

a f

a + b x
h +

b g

a + b x
-

a h

a + b x

6 a b2 c C e g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h

-
f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
+
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2 A b3 d e g
b c - a d b g - a h -

d

-b c+a d
+

1

a+b x


b d g - b c h
-

f

-b e + a f
+

1

a + b x

-
h

-b g+a h
+

1

a+b x

f

-b e+a f
-

h

-b g+a h

- b d g - b c h EllipticE

ArcSin
b e - a f h +

b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

b c - a d b g - a h -
1

-b c + a d
d EllipticFArcSin

b e - a f h +
b g

a+b x
-

a h

a+b x


b -f g + e h
,

-b c + a d -f g + e h

-b e + a f -d g + c h
 

-
f

-b e+a f
+

1

a+b x

-
f

-b e+a f
+

h

-b g+a h

d +
b c - a d

a + b x
f +

b e - a f

a + b x
h +

b g - a h

a + b x
-

4 a2 b C d e g
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Summary of Integration Test Results
35 integration problems

A

B

C

A - 2 optimal antiderivatives

B - 18more than twice size of optimal antiderivatives

C - 15 unnecessarily complex antiderivatives

D - 0 unable to integrate problems

E - 0 integration timeouts
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